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ABSTRACT

In this paper, we give an extended coupled coincidence point theorem for a mixed g —monotone mapping
F:X — X satisfying a weaker contractive condition. As a result of this theorem, we introduce an extended
coupled fixed point theorem. We also explain that there exist a relationship between Theorem 2.1 which is
our main theorem and Theorem 1.3 introduced by Choudhury et. al. [ Choudhury, BS, Kundu, A: Appl. Math.
Lett. 25,6-10(2012) ].

Keywords: Fixed point, coupled coincidence point, coupled fixed point, Partially ordered set.

BiR GENELLESTIRILMIS$ CIFTE CAKISMA NOKTASI TEOREMI VE ILGiLi SONUCLARI
0z

Bu makalede, zayif sartlar iceren karma g —monoton bir doniisiim i¢in genellestirilmis ¢ifte gakisma noktasi
teoremi verecegiz. Bu teoremin bir sonucu olarak bir ¢ifte sabit nokta teoremi ifade edilmistir. Ayrica, ana
teoremimiz olan Teorem 2.1 ile Choudhury et. al. [ Choudhury, BS, Kundu, A: Appl. Math. Lett. 25,6-
10(2012) ] tarafindan ifade edilen Teorem 1.3 arasinda bir iliski oldugunu gosterecegiz.

Anahtar Sozciikler: Sabit nokta, ¢ifte cakisma noktasi, ¢ifte sabit nokta, kismi sirali kiime.

1. INTRODUCTION

Fixed point theory is a very useful tool in many branch of applied sciences. Recently, the
existence of fixed points and coincidence points in partially ordered metric space are considered
by many mathematicans [2]-[9]. They established very important results to study the solutions of
the matrix equations, the ordinary differential equationsons and integral equations.

Recall that the pair (X, <) is called a partially ordered set ( in short Poset ), if the relation <
on X is transitive, reflexive and antisymmetric [1]. Also, a mapping f:X — X is called monotone
nondecreasing if

x,y € X,x < yimplies fx < fy.
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Ran and Reurings [2] established an analogue of Banach's fixed point theorem in partially
ordered set and they discussed several applications to linear and nonlinear matrix equations.

Theorem 1.1 Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a
complete metric space. Furthermore, every x,y € X has a lower bound and an upper bound. If
f:X — X is a continuous, monotone (i.e., either order-preserving or order-reversing) map from X
into X such that

30 < c < 1:d(fx, fy) <cd(x,y),x =y
Axg EX:xg < fyo0orx9 = fyo

then f has a unique fixed point x. Moreover, for every € X lim,,_,,, f™" x = X.
Nieto and Lopez [3] extended some results to study problems of solving ordinary differential
equations. Also, They gave an alternative condition to replace the continuity of f as following:

"if any nondecreasing sequence {x,} in X converges to z,then x, < z for alln = 0".

Forthermore, to guarantee the uniqueness of the fixed point, Nieto and Lopez [3] gave a
condition of the pairs (x,y) € X x X as follows

" for every x,y € X; there exists z € X which is comparableto x and y "

In many works, there is a trend to weaken the requirement conditions of the existence
theorems. In [4], Ciri¢ et. al. introduced the concept of g-monotone mapping and prove some
fixed and common fixed point theorems for g —nondecreasing generalized nonlinear contractions
in partially ordered metric spaces. Choudhury and Kundu [5], using this concept, introduced the
concept of (¥, a, ) —weak contraction which is generalized weak contraction principle to
coincidence point and common fixed point results in Posets.

Definition 1.2. Suppose (X, <) is a partially ordered setand f, g : X — X are mappings. f is said
to be g —non-decreasing if for x,y € X, gx < gy implies fx < fy.

Theorem 1.3. [Choudhury and Kundu, [5]] Let (X,<,d) be a partially ordered complete
metric space. Let f, g: X — X be such that f(X) € g(X), f is g-nondecreasing, g(X) is closed
and

Y(d(fx, fy)) < a(d(gx, gy)) — B(d(gx, gy)), for all x,y € X with gx < gy,

where ¥, a, B: [0, 00) — [0, o0) are such that, 1 is continuous and monotone nondecreasing, a
is continuous, B is lower semi-continuous,

Y(t) =0if andonly if t = 0,a(0) = B(0) =0

and for all t > 0 ,y(t) — a(t) + B(t) > 0. Also, if any nondecreasing sequence {x,} in X
converges to z, then we assume x,, < z foralln > 0.

If there exists x, € X such that gx, < fxo, then f and g have coincidence point.

On the other hand, the notion of coupled fixed point and related theorems are considered by
many researcher. Bhaskar and Lakshmikantham [8] introduced the notion of the mixed monotone
property of a given mapping and established related fixed point theorems.

Definition 1.4. Let (X, <) be a partially ordered set and F: X x X — X. The mapping F is said to
has the mixed monotone property if F is monotone non-decreasing in its first argument and is
monotone non-increasing in its second argument, that is, for any x, y € X, we have

X1, X2 € X, x1 < xzimplies F(x1,y) < F(x2,¥)
and
Y1.Y2 € X, ¥1 < Y, implies F(x,y1) = F(x,y2).

Definition 1.5. An element (x,y) € X? is called a coupled fixed point of the mapping F: X X
X->Xif F(x,y)=xand F(y,x) = y.
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Theorem 1.6. [8] Let (X, <) be a partially ordered set and suppose there is a metric d on X such
that (X,d) is complete metric space. Let F: X X X - X be a continuous mapping having the
mixed monotone property on X. Assume that there exists a constant k € [0,1) with

d(F(x,y), F(u,v)) < (k/2)[d(x,u) + d(y,v)], for eachx = u,y < v.

If there exists xo,yo € X such thatxo < F(xo,y0) and yo = F(yo,Xo0), then there exists
x,y € X suchthat x = F(x,y) and y = F(y, x).

Many authours have studied on the existence of coupled fixed point theorems in the partially
ordered metric space ( see [8]-[14] ). Lakshmikantham and Ciric [9] introduced the concept of
mixed g —monotone mapping and proved related coupled coincidence point theorems. Also,
Berinde [13] gave some more general results than the results given by Luong and Thuan [12].

Definition 1.7. [9] Let (X, <) be a partially ordered setand F: X X X - X, g: X X X - X are
mappings. We say F has the mixed g-monotone property if F is monotone g-non-decreasing in
its first argument and monotone g-non-increasing in its second argument, that is for any x,y € X,
X1, %2 €X, g(x1) < g(x2) implies F(x1,y) < F(x2,Y)
and
y1.Y2 €X,9(y1) < g(v2) implies F(x,y1) > F(x,y2).

It is clear that if g is considered an identity mapping, then we get the definition of mixed
monotone property.

Definition 1.8. [9] An element (x,y) € X? is called a coupled coincidence point of a mapping
F:XxX->X,if F(x,y) =g()and F(y,x) = g(¥).

Also, it is clear that when we consider g is identity mapping, then we obtain the definition of
coupled fixed point.

Definition 1.9. [9] Let X be a non-empty set and F: X x X = X and g: X — X be mappings. We
say F and g are commutative if for all x,y € Xg(F(x,y)) = F(gx, gy)-

In this paper, we give an extended coupled coincidence point theorem for a mixed g-
monotone operator F: X X X — X satisfying a contractive condition weaker than the conditions
given in some previous paper. As a result of our coupled coincidence point theorem, we obtain
an extended coupled fixed point theorem. Also, we give a relationship between our main
Theorem 2.1 and the Theorem 1.3 given by Choudhury and Kundu [5].

2. MAIN RESULTS

We denote by ¥ the set of functions : [0, ) — [0, o) satisfying the properties;

1.1 is continuous and monotone nondecreasing,
2.y@)=0ifandonlyif t = 0.

We denote by ®
the set of functions a: [0, ) — [0, o) satisfying the properties;

1. a is continuous,
2.a(t)=0ifand only if t = 0.

We denote by T the set of functions j: [0, «0) — [0, o) satisfying the properties;

1. B is lower semi-continuous,
2.8(t) =0ifandonlyif t = 0.

Teorem 2.1. Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a
complete metric space. Let F:X - X and g:X — X be mappings such that F is mixed
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g —monotone map and i € W.a € d,B €T. If for all x,y,u,v€X for which g(x) <
g), g(¥) = g(v) such that

¥ (% [d (F(x, ¥),F(x,y) + d(F(y,x) + F(v, u)))])

1 1
<a (5 [d(gx, gu) + d(gy,gw]> -B (5 [d(gx, gu) + d(gy,gv)]) - (ED)
where,

a) F(X xX)c g(X), g iscontinuous and commute with F,
b) forallt > 0, we have

Y(&) —a@®)+pE)>0.... (E2)
Also, suppose that either

C1) F is continuous or

C2) X has the following property

i) if any nondecreasing sequence {x,} in X converges to x, then x,, < x foralln > 0,
ii) if any nonincreasing sequence {y,}in X converges to y, theny < y,, foralln = 0.

If there exists xg, ¥y € X such that g(xo) < F(xo,Y0) and g(yo) = F(yo, x0) then there exist
x,y € X such that

g(x) =F(x,y) and g(y) = F(y,x)
that is, F and g have a coupled coincidence point.
Moreover, if for every (x,y), (v',x") € X x X there exists a (u, v) € X x X such that
(F(w,v), F(v,u))is comparable to (F(x,y), F(y,x))and (F(x',y"),F(y',x")) ...(E3)
then F and g have a unique coupled coincidence point.
Proof. Let x4, y, € X be an arbitrary point such that g(x,) < F(xg,¥0) and g(y,) = F (¥, x0)-
Since F(X x X) c g(X), we can choose x;,y; € X such that
g(x1) = F(x0,¥0) and g(y1) = F(yg, Xo)-
Continueing this way, we have the sequences {g(x,)} and {g(3,,)} in X such that
9ni1) = F(xp, yn) and g(n41) = Fn, %), ¥ n 2 0.
From mixed g-monotone property of F, we have
gxo < F(x0,y0) = gx1 < F(x1,y1) = gx2 < =
thus, we get
9Xn < 9Xn+1-
Again, from mixed g —monotone property of F, we have
9Yo Z F(¥o,%0) = gy1 7 F(yn,X1) = gy2 = -
thus, we get

9Yn 7 GYn+1-

If any two consecutive terms of above sequence are equal, then the proof is completed.
Assume that all terms of the sequences are different.
For the convenience, we use the following notation;

d(gxn, 9xn+1) + A(GYn, GYn+1)
2
If possible, let G,,_,(xq, Vo) < G, (xo, Vo) then we have

Gn (xO! yO) =
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¢(Gn—1(x0:}’0)) < ¢(Gn(xo:3’o)) =y G [d(gxn, gxn+1) + d(Gyn, g}’n+1)])
<l[ d(F(xn—lryn—l): F(xnryn)) )
2 +d(F(yn—11xn—1): F(Yn'xn))
= a(Gn—1(x0n3’0)) - ﬁ(Gn—1(xo'}’0)) ey

From the (E2), the last inequality implies that G, (xy,yo) = 0, but this ia a contradiction.
Thus, we get that {G,,(x,, o)} is monotone decreasing sequence of non-negative real numbers.
Therefore, there is r = 0 such that

lim G, (xy,y0) = 7.
n—oo

Letting n — oo in the (1), we have

Y@) <al@)—BE) .. )
From, the condition (E2), the inequality (2) implies that
lim,, e Gn(x0,¥0) =0 v . ... (3)

Now, we prove that the sequences {gx,} and {gy,} are Cauchy sequences in (X, d). Suppose
at least one of {gx,} or {gy,} is not a Cauchy sequence. Then there exists € > 0 for which we
can find two subsequences of integers {n(k)} and {m(k)} with n(k) > m(k) = k such that

1
2 [d(gxn(k),gxm(k)) + d(gyn(k),gym(k))] = I 4)
Note that we can choose n(k) for the smallest integer satisfying the condition n(k) >
m(k) = k and
1
> [d(9%n00-1 9%mao) + A(gVn)-1 9Yma)] < €

From the inequality (4) and by triangle inequality, we have

1
& <5 [d(gxnw), 9%ma0) + A(9Yncer 9Yma)]
<1 d(9%ntey 9%n(i0-1) + A(GYn00 9Yn(i-1)

= 2[d(gxn@0-1, 9Xma) + (Y01, 9Ym@)
taking limit as k — oo, we get

1
S Ili_{];loz[d(gxn(k)'gxm(k)) +d(gynwy 9Ymao)] < €
this implies that
limy o % [d(gxn(k),gxm(k)) + d(gyn(k),gym(k))] =& (5)
Again, from (4), we have

Y <y (% [d(gxn00, 9%mar) + d(gYniy 9¥ma)] < @ G [d(92%n(i)-1, GXm@ir-1) +

d(gyn(k)—lrgym(k)—l)])) -B (% [d(92na0-1, 9%m@0-1) + d(gyn(k)—l:gym(k)—l)]) ---------

Letting k — oo in inequality (6) and use (5), we have
Y(e) <ale) —B(E) v @
From the condition (E2), the inequality (7) implies that & = 0. But, this case is in
contradiction with & > 0. Therefore our acceptance is incorrect and we conclude that the

sequences {gx,} and {gy,} are Cauchy sequences in (X,d). Since (X,d) is complete there
exists x, ¥ € X such that
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lim gx, = X and lim gy, =¥y
n—oo n—oo
As g is continuous, we have
lim,, e g(gx,) = g(x) and lim,_o g(gyn) = g) ... ... (8)
Also, note that F and g commutative, then we have

g(g(xn+1)) = g(F(xn' Yn)) = F(gxn' gYn)
and
g(g:)/n+1) = g(F(ynrxn)) = F(QYn'gxn)

Now, we show that the point (X,¥) € X x X is a coupled coincidence point of F and g. In
here we have two cases.
Case 1: Let C1 holds, then we have

g(®) = lim g(gxn41) = lim F(gxn, gyn)
=F (lim gxp, lim gyn,)
n—oo n—oo
=F(X,7) e ©)]
Similarly, we have
9 = lim g(gyns1) = lim F(gyn, gxn)
= F(limnaw gyTL! limnaoo gxn) = F(ﬁ)_’; f) ---- (10)
From (9) and (10), we get
g(x) = F(x,y) and g(y) = F(y,x)
that is, (x,7) € X x X is a coupled coincidence point of F and g.

Case 2: Let C2 holds. Note that {gx,,} is nondecreasing and converges to X, then g(x,) < %
and similarly, {gy,} is nonincreasing and converges to y, then ¥ < gy,,. From triangle inequality
of the metric function, we have

¥ (d(g@®, F@9)) < ¥ (d(9G), 9(gxns1)) + d(9(gxns1), F& 7)) )
<9 (d(9(®), 9(gxn))) + ¥ (d(g(gnsn), FE 7))
<y (d(y(f), g(gxn+1))) +1 (d(F(gxn, gy, F(%, y)))
<9 (d(9(®), 9(gxns1)))

d(g(gxn), () + d(g(gyn), g(M)
+a >

i (d(g(gxnxg(f)) + d(g(gyn),g@)))

ST a1

Letting n — oo in the last inequality (11) and use (8), we have

¥ (a(gG, FE)) <0
which implies that g(x) = F(x,y) . Similarly, we have g(¥) = F(¥,x)Thus, we get that
(x,¥) € X x X is a coupled coincidence point of F and g.

Now, we prove that the coupled coincidence point is unique under additional condition (E3).
Condition. Note that the set of coupled coincidence point of F and g is nonempty. Assume that
(x',¥") is another coincidence point of F and g. By assumption (E3), there is (u, v) € X? such
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that (F(u,v), F(v,u)) is comparable to (F(x,¥),F(¥,%)) and (F(x',¥"),F(y',x")). From the
(E1), we have

v (d(g(f).g(x’)) + d(g(i).g(y’))> —y (d(F(f. y),F(x',y)) + d(F(3,%), F(y’.X’)))

2 2
< d(g(x),g(x") er d(g(3,9(")
s <d(g<x).g<x')) + d(g(y).g@')))
2
From (E2), the last inequality implies
d(g®,9(x) +d(93,90) _ o

2
and so we have
9(x) = g(x) and g(¥) = g(¥").
That is, the coupled coincidence point is unique.

Remark 2.2. In our Theorem 2.1, if we consider g as g(x) = x, then we obtain the following
coupled fixed point theorem.

Theorem 2.3. Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a
complete metric space. Let F: X — X be a mixed monotone mapping and there exist € ¥, a €
®and g €T. Ifforall x,y,u, v € X for which x < u,y > v such that

b ([ (Feey oy + a(FG 0 + Fo,)))
<a (% [d(x,w) +d(y, v)]) -B (% [d(x,w) +d(y, v)])

where fory e ¥,a € ®,B €T, Y(t1) < a(t,), implies t; < t,.
Also, suppose that either

C1) F is continuous or

C2) X has the following property

i) if any nondecreasing sequence {x,} in X converges to x, then x,, < x foralln > 0,
ii) if any nonincreasing sequence {y,}in X converges to y, theny < y,, foralln > 0.

If there exists x4,yo € X such that x, < F(x0,¥0) and y, = F(yo,x0) then there exist
x,y € X such that

x=F(x,y)andy = F(y,x)
that is, F has a coupled fixed point.
Moreover, if for every (x,y), (v',x") € X x X there exists a (v, v) € X X X such that
(F(w,v), F(v,u))is comparable to (F(x,y), F(y,x))and (F(x',y"),F(y',x"))
then F has a unique coupled fixed point.

Remark 2.4 In Theorem 2.3, under the restriction ¥ (t) = a(t) = ¢(t) and S(t) = P(t), we
obtain the Berinde's coupled fixed point theorem [11].

Corollary 2.5 [Berinde,11] Let (X, d) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is complete metric space. Let F: X X X — X be mixed monotone mapping
for which there exists ¢ € ® and ¢ € ¥ such that for all x, y,u, v € X with
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¢ G[d(FGy), Fw, ) + d(F&y, 2, Fo,w)]) < b (5[dCxw) + d(y,)]) =9 (51dGew) +
d(y,v)])
Suppose either

(a) F is continuous or

(b) X satisfies

i) if any non-decreasing sequence {x,,} in X converges to x, then x,, < x foralln > 0,
ii) if any nonincreasing sequence {y,} in X converges to y, then y < y, foralln = 0.

If there exists x4,yo € X such that x, < F(x0,y0) and y, = F(yo,x0) then there exist
x,y € X such that
x=F(x,y)andy = F(y,x)
that is, F has a coupled fixed point.

Example 2.6 [Choudhury and Kundu, 5] Let X =R, d(x,y) =|x—y| and F:X XX - X
defined by
x — 3y
F(x,y)={ 5 0 X7
0, other cases
Forall x > u,y < v, we have

d(F(x,y),F(u,v))+d(F(y,x),F(v,u))_1 |x=3y u-3v| |y=3x v-3y
2 _E[ 5 5 |

N

=§[Ix—u|+|y—vl]

And for gx = 2x, we have
d(gx, gu) +d(gy, gv)
2
If taken ¥(t) = a(t) =t and B(t) = 3"L/7, then the mapping F fulfill all conditions of the
Theorem 2.1 with the mapping g. Thus, F and g have a coupled coincidence point. Indeed,
(0,0) € R x R is a coupled coincidence point of F and g, that is,
g(x =0) = F(0,0) and g(y = 0) = F(0,0).

At the present time, we prove a theorem that given a relation between a coupled coincidence
point theorem and coincidence point theorem in the context of partially ordered set. As a result of
this theorem we also obtain a relation between coupled fixed point theorem and fixed point
theorem.

=|x—ul+|y—vl

Theorem 2.7 Theorem 2.1 is equivalent to Theorem 1.3.
Proof. Let take a metric d,: X? X X? — [0, ) defined by
dlx,u) +d(y,v
ey =& )2@)

forall (x,y) =Y € X? and (u,v) =V € X2.
It is clear that (X2, d,) is complete metric space whenever (X, d) complete metric space.
Now, consider a map T: X? — X2 defined for all (x,y) =Y € X? by

T(Y) = (F(x,y),F(y,x))
Therefore, we have
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d,(TY, TV) = d; ((F(x, ), F(y,2)), (F (u,v), F(v,u)))
= % [d(F(x, ), F(u, v)) + d(F(y, x),F(v, u))] ......... (12)
And

dZ (g(Y)' g(V)) = dZ (g(xr y)r g(ur 17))
= d,((gx, gy), (gu, gv))

= %[d(gx,gv) +d(gy, gv)] . oo ... (13)
Thus, using the (12) and the (13) in the inequality (E1), we get
W(d (1Y, 1)) < a(do(9(1), 9))) = B (d2(9(1), g1V))) .. (14)

forall Y,V € X?with orderY < V.
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