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ABSTRACT

In this note, we show that a particular solution of Bernoulli equation is also the solutions of various second
and high order nonlinear ordinary differential equations. The differential equations having solution as a
particular solution of Bernoulli equation are listed accordingly. We have exemplified some of nonlinear
equations having solution as a particular solution of Bernoulli equation.
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1. INTRODUCTION

Recently, Kudryashov [1] uses logistic function (the sigmoid function) [1, 2] for finding exact
solutions of nonlinear differential equations. Clearly seen that logistic function,

I
Q(g“)_l+e¢_2tanh(2j+2 1)

where ¢ is independent variable on the complex plane, is the solution of the first order
differential equation so called Riccati equation [1,2]:

Q, -Q+Q*=0. ¥

where Q is the derivative of Q respect to §. In this study, motivated by Kudryashov [1],
we extend his idea to that of a particular solution of Bernoulli equation

Q, =AQ+BQ“ k>1 @)

One can easily see that the function
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o [

Q) =

A (42)

is a particular solution of the Bernoulli equation and the equivalent of Eq.(4a) can also be
presented in form of hyperbolic tangent functions in the following formula:

2

B_Btanh[%] _clA_ClAtanh[%j +clAtanh(A(k—1)§)+01Atanh(A(k—1)§)tanh(%j

A[—1+ tanh (A(k—l){]zj
2

Furthermore, for k =2, Eq. (4a) reduces to the logistic function with appropriate choices of
coefficients and in the same manner Eq. (3) reduces to celebrity Riccati equation with, for
example, forA =1,B = —1.

Hence, the aim of this note, inspired by Kudryashov [1], is to find some nonlinear ordinary
differential equations of the higher orders with exact solutions in the form of Eq. (4a) (or Eq.
(4b)). Also, to show that there are nonlinear partial differential equations having solutions in the
form of Eq. (4a) or equivalently as Eq. (4b). Recently, Bernoulli equation is considered as an
auxiliary equation to obtain the exact solutions of the higher order nonlinear partial differential
equations [21].

4b
Q)= ()

2. DETERMINATION OF THE NONLINEAR ORDINARY DIFFERENTIAL
EQUATIONS OF THE SECOND ORDER WITH IDENTICAL SOLUTION

Differentiating the Eq. (3) with respect to ¢, the following second order differential equation

Q. =AQ, +BkQ“'Q, k>1 (5)

is obtained. It is noticeable that the Eq. (4a) (or Eq. (4b)) satisfies Eq. (5) for fitting choices of
the coefficients.

In addition to Eq. (5), by using Eq. (3) one can achieve three additional ordinary differential
equations

Q. = AQ+ABQ" +BkQ“'Q, k >1 ®)

Q.. = AQ, + ABKQ" +B*kQ**,k >1 )

Q. = AQ+ ABKQ“ +BKkQ™* k >1 )
which have the solutions in the form of Eq. (4a) or equivalently as Eq. (4b) . Supplementary

second order ordinary differential equations having solutions in form of Eq. (4a) (or Eq. (4b))
may be presented in the following manner.

Q. —AQ, —-BkQ“'Q, +F(Q,Q,,..)(Q, —AQ-BQ*) =0,k >1 9)
Q. —AQ-ABQ" -BkQ'Q, +F(Q,Q;...)(Q, —~AQ-BQ“) =0,k >1 (10)
Q. —AQ, — ABKQ" —B*kQ** + F(Q,Q;,..)(Q, —AQ-BQ*) =0,k >1 (11)
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Q. — AQ - ABKQ" —BKQ™* + F(Q,Q;,.)(Q; ~AQ-BQ*) =0,k >1 (12)

where F(Q,Q,,...)are some dependencies on Q,Q, and so on. Now, let us confer the
solution method for finding nonlinear ordinary differential equation in the form of Eq. (4).

3. THE METHODOLOGY

Now a day, there is collection of methods for finding exact solutions of nonlinear differential
equations. For the sake of limited space, we will mention only a few of them: the tanh method [3-
7], auxiliary equation method [8-13], simplest equation method [14-16], (G'/G)- expansion
method [17-20] etc.

However, the aim of this note is to present exact solutions of nonlinear partial differential
equations in terms of the list of the Egs. (9)-(12) and give some examples of the application of the
methodology suggested by Kudryashov [1].

Hence, consider a nonlinear partial differential equation

P(U, Uy Ug Uyy Uy Uy ...) =0 (13)

Using travelling wave transformation & =,u(x—ct) , and assuming u(x,t) = y({) we get
the nonlinear ordinary differential equation:

RGY. Y Yer Vo) =0 (14)

Assuming Y =8,Q(¢) in Eg. (14) and comparing the latest form of Eq. (14) with a suitable

equation of the list (9)-(12) we can find the solution in form of equation Eq. (4a)(or Eq. (4b)) with
free parameters.

Now let us exemplify the solutions of selected nonlinear partial differential equations in form
of the Eq. (4a).

3.1. The Burgers equation

We now show that Burgers’ equation has a solution in form of Eq. (4a). The Burgers’
equation can be given as

U, +2uu, —ou,, =0 (15)

Using the transformation ¢ =g(x—ct), where c#0andx#0 and assuming
u(x,t) =y(&) we get following ordinary differential equation

Cy' +2yy —ou’y" =0 (16)
Eq. (16) is in the similar form of Eq. (9) where F(Q) =0,
Q;{ - AQ{ - Bkaing =0

As a result of the comparison we find the solution of the Burgers Eq. (15) in the form

—a++/2tanh {m({’: © )ﬁjﬁ

bk

Q($)=
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1 1
[ J 8 =—, 50 Eq.. (9) and Eq. (15) are the same in the
UH

where K =2,A:LZ,B =
vp
case.

3.2. Burgers—Fisher equation

The Burger-Fisher equation can be given as
u +uu, =u, —Bu—ou’ 17)
Using the transformation ¢ :u(x—ct) , where c=0andu#0 and assuming
u(x,t) =y(<) we get following ordinary differential equation
(18)

Cy'+yy -y + By +5y° =0
Eq. (18) is in the similar form of Eq. (10) where F(Q)=—c,

Q.. —AQ-ABQ* -BkQ“'Q, +F(Q,Q;,..)(Q, —AQ-BQ) =0,k >1

As a result of the comparison we find the solution of the Burgers-Fisher equation (Eq. (17)) in

the form
1
Q) = ,,
1 i) 2 7 2
2T 45 +45° -4 ’
1| Lo g NITAoFaoT —4p
2 2
B
2
. ;_5i\/1+45+245 —4p

2_
L ot (1+40+45 4ﬂ,a0=1, so Eq. (17) and

i, B= E,C -
1-c 2 2 2
Eqg. (10) are the same in the case.

where k=2,A=

3.3. Hyperbolic equation with power-law nonlinearity

The hyperbolic equation with power-law nonlinearity can be given as
(19)

u, =u, +au+Au" +yu”"t
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Using the transformation §=,u(x—ct), where Cc=0andx#0 and assuming

u(x,t) =y(<) we get following ordinary differential equation
(20)

(CZ _ﬂz)y”_ay_ﬂyn _7y2n—1 — O
Eq. (20) is in the similar form of Eg. (8),
Q.. —AQ—ABKQ" —BKkQ** =0,k >1

As a result of the comparison we find the solution of the hyperbolic equation with power-law

nonlinearity, Eq. (19), in the form

u(x,t) = [ - )
2 N1
B - +Ccae e

yao

where k=n,A=a,B="—,
yo

2
B a, = nifﬁ,cz — 1> =1, 50 Eq. (19) and Eq. (8) are the same
ay
in the case.
3.4. The KdVequation with power- law nonlinearity

The Korteweg-de Vries (KdV) equation with power-law nonlinearity can be given as
(1)

u, +u,, +au"u, =0
Using the transformation ¢ =y(x—ct) , where Cc#0andux=0 and assuming

u(x,t) = y(<) we get following ordinary differential equation

Cy'+4°y" +auy"y' =0 (22)
Eq. (22) is in the similar form of the following equation
2 k-1 2 2(k-1)
Q.. = A’Q, + ABk(k -1)Q“'Q, + B*k(2k ~)Q*“Q, 23)
which is obtained directly by differentiating Eq. (8).
For example, choosing k =1/2 in Eq. (23) one easily gets
(24)

AB
2 U2~ —
Que —AQ; +TQ Q=0
Takingn=1/2 in Eqg. (22) and as a result of the comparison, the parameters defined
1 AB
== n=k=1/2,c=-A* au= i Eq. (24) and Eq. (21) are the same in the case.
8

437



Z. Punar, T. Ozis 1 Sigma J Eng & Nat Sci 36 (2), 433-440, 2018

3.5. The KdV type equation

The KdV type equation can be given as
u, +u,, +au"u,-bu?"u =0 (25)

Using the transformation §=,u(x—ct), where Cc=0and ##0 and assuming
u(x,t) =y(&) we get following ordinary differential equation

Cy'+u'y" +auy"y' ~buy™y' =0 (26)
Eq. (26) is in the similar form of the following

Q.. = A’Q, + ABk(k —1)Q"'Q, + B’k (2k —1)Q*“"Q, @7)
which is obtained directly by differentiating Eq. (8). For k —1=n, the Eq. (27) is in the form

Q.. = A°Q, + ABn(n+1)Q"Q, +B*(n+1)(2n+1)Q™'Q, (29)
As a result of the comparison, the parameters defined

0= l, n=k-1,c=—A%au=—-ABKk? bk(2k —1) = zz, Eq. (25) and Eq. (29) are the
a,

same in the case.

3.6. Kuramoto-Sivashinsky equation

The Kuramoto-Sivanhinsky equation can be given as

2 3
u, —auu, —yu, —pu'u, +u,, =0 (30)

Using the transformation ¢ :y(x—ct) , where c#0andx#0 and assuming
u(x,t) = y(&) we get following ordinary differential equation

cy' —auy’y -yl + uy’y + uy® =0 (31)
Eq. (31) is in the similar form of the following
Quzzr = AQ, + ABK(k-1)Q"7Q + ABK(AK — A+1)QQ, + AB’k (2K ~1)(3k ~2)Q°Q, +B% (2K ~1)(3k —Z)Q“k’l’Q{ (32)

which is obtained directly differentiating Eq. (3).
For K =2, the Eq. (32) reduces in to the form

Qg;{ = AQ;{ + 2ABQ§ + 2AB(A+1)QQ§ + 24ABZQ2Q a +24BSQ3Q§ (33)
As a result of the comparison, the parameters defined

1
u =¥,—u27 =1,c=2B,—au=24B? uf=24B° A=-1 Eq (30) and Eq. (33) are the

same in the case.
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4. CONCLUSION

In this note we have revealed that the solution of Bernoulli equation given in form of Eq. (4a)
(or Eq. (4b)) is a solution of many nonlinear equations. This study, in one way, is the extended
form of the logistic function solution of Riccati equation to Bernoulli equation which gives more
responsive solutions compared to logistic function solutions. We have exemplified that the
solutions of some of well-known nonlinear equations are expressed in form of Eq. (4a) (or Eq.
(4b)). 1t is apparent that the solution of Bernoulli equation in form of Eq. (4a) (or Eq. (4b)) may
be employed for producing exact solutions of various nonlinear differential equations.
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