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ABSTRACT

Let (H, o) be a hypergroup and S* be the fundamental relation on H, that is, the smallest equivalence relation
on H such that the quotient (H/8*, ®) is a group. The purpose of this paper is to compute the fundamental
group of a given finite hypergroup. In this regards, first obtain some algebraic results to obtain equivalence
classes of the fundamental relation and the we introduce an algorithm to compute these classes. Also, based on
these algorithms we develop an application to construct the equivalence classes of £* and hence to compute
the fundamental group, (H/4*, ®). Furthermore, we use a sub-program to produce all hypergroups (up to
isomorphism) of order less than or equal 3 and obtain their fundamental groups. Finally, we examine the
algorithm and program by some examples to compute the fundamental groups of hypergroups of various
orders.
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1. INTRODUCTION

The theory of algebraic hyperstructures was born in 1934, when the notion of a hypergroup
was defined by Marty [12], as a generalization of group. After that, several papers have been
written (for example see [2], [5], [13], [15], [16], [17]) in order to construction of finite
hypergroups. Since hypergroups are much more varied than groups, e.g. for the prime number 3,
there is only one group, up to isomorphism, with cardinality 3, while there are 3999 non-
isomorphic hypergroups with 3 elements. As it is well-known one of the main topics in study of
hypergroup theory is the fundamental relation g*, in fact this relation plays an important role in
this theory. The aim of this paper is to find an application to compute the fundamental group of an
arbitrary finite hypergroup. For this, we obtain two algorithms and then develop an application to
compute the equivalence classes of g* and the fundamental group, (H/S*, ®). Also, we illustrate
these algorithms by some various examples.

This paper has been written in 3 sections. In section 2, we obtain some results and give two
algorithms (Algorithms 2.5 and 2.7) to compute the equivalence classes of g* and the
fundamental group, (H/f*, ®). In section 3, we develop a comprehensive program in Java
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programming environment to obtain the fundamental group of a given finite hypergroup as well
as to produce all finite hypergroups of order less than or equal 3 with their fundamental groups. In
the sequel of this section we briefly give some notions and results of hypergroup theory that we
need to develop our paper (for more details see [3], [4]).

Let H be a non- empty set and P*(H) denotes the set of all non-empty subsets of H. A
hyperoperation on H is a map o : H x H—P*(H). A couple (H , o) is said to be a hypergroupoid.
Let A, B be subsets of H. The hyperproduct A o B is defined as

Ao B = U aob.

(ab)cAxB

Also if there is no confusion, {a}, A o {a} fag and {a} o A are denoted by a, Aoaand ao A,
respectively. From now on, when there is no ambiguity, we write ab instead of a o b for a, b € H.
A hypergroupoid (H, o) is said to be a semihypergroup if o is associative. A hypergroupoid (H, o)
is called quasihypergroup if for all x € H, we have xoH =Hox= H (reproductivity). We say that a
hypergroupoid (H, o) is a hypergroup if (H, o) verifies both associativity and reproductivity. Let
(H, o) is a finite hypergroup. We define the relation g = Un; S, in which g = {(a, a) |a € H}
and for all (a, b) H?, apb iff {a, b} < I1,,=1 Z;, for some zy, 2, ..., z, € Hand m e N. Indeed,
for all a, b € H, we have afb iff z, = a 28 ... ;1 Bm = b, for some z; z, ... z;, € H". The
relation S was introduced in 1970 by Koskas [11] and was mainly studied by Corsini [4] and
Vougiouklis [18] and others. A usefull tool in the study of theory of hyperstractures is the relation
S*, which is defined in a hypergroup or semi-hypergroup (H, o), as the smallest equivalence
relation on H such that the quotient H/8* be a group (semi-group) under the hyperoperation 5*(a)
®p*(b) = f*(), c € aob. This relation named as fundamental relation and (H/g*, ® ) is called
fundamental group. It is seen that, in hypergroups, g* = 2", in which g" is the transitive closure
of g In [10], Freni proved that g is transitive on hypergroups. Therefore, g* = g In [1], Ameri
introduced a process to obtain a group via the fundamental relation. The equivalence relation
P*(or its extended forms in hyperrings and hypermodoules and hyperlagebras) also was studied
in many other papers( for example see [3], [6], [7], [8], [9], and also [14], [17], [18]).

Definition 1.1 Let (H, o) be a hypergroup and a o b = H, for all @, b € H. Then (H, o) is called a
total hypergroup. It is seen that in this case for every x, y € H, we have xgy. So xg*y and thus
L*(X) = p*(y). Hence H/S* is a singleton.
Definition 1.2 A Hypergroup (H, o) is very thin if all its hyperoperations are operation except
only one.

Let (H, o) be a very thin hypergroup. Hence for a unique (a , b) € H?, we have |a o b| > 2. Set
[aob|=A.Soforall x € A, S*(x) = A. Itis clear that if |A| = m, then |[H/S*| =n—m.
Definition 1.3 Let(Hy, o) and (H,, *) be two hypergroups. A map f: H; — H; is called:

(1) a homomorphism if f(x o y) < f(x) * f(y); for all x, y € H,.

(2) a good homomaorphism if f(x o y) = f(x) = f(y); for all x,y € H;.

(3) an isomorphism if it is a one to one and onto good homomorphism. If f is an isomorphism,
then H; and H, are said to be isomorphic.

2. COMPUTATION OF g* EQUIVALENCE CLASSES AND FUNDAMENTAL GROUP

In the sequel we assume that (H, o) is a finite hypergroup of order n. Clearly,
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a; € B(aj) <> (ai, a5) € 8= ) Bn

n>1

= (a;, a;) € B, forsome m > 1
m
= {a;, aj} C Hbi* for some by, ba ..., by € H.
i=1
In H, the basic point on computation of equivalence classes of relation £ is the existence of a

least upper bound (or an upper bound ) m e N such that for all a, b € H, we have b € g (a) iff (a,
b) € UMy B. Let P, = {II" i-; a; |a; € H}. We start with the following lemma.
Lemma 2.1 Let (H, o) be a hypergroup of order n and P,, c U™ i, P;, for somem >3 (m e N).
Then for all k > m, we have P, c U™ i, P; .
Proof. Let c € Pm+1. So we have:

c=(a;08,0...0am) 0 @y, forsomeay, a,, ..., am, Am+1-

Supposeb=a;0a,0 ... an, then
m—1
c=boapii = ¢ € U F;) o amy1
i=2
m—1

—c & U (P;oamyt)
i=2

m—1
—=c € U Py
i=2
Since P,, = U™ i, P, it follows that ¢ € U™ o, P;. Therefore, Py U™ i, Pi. So the
assertion holds for k = m + 1. Similarly it is true for k > m, by induction.
Corollary 2.2 Let (H, o) be a hypergroup such that |[H| = n and for some m > 3(m 2 N) we have
PncuU™ i, P;. Thenforall a,b e Hand a= b, we have b € S (a) iff(a, b)e U™ i, B

Proof. Leta,b eH. Sob € g(a) iff { a, b} < Py, forsome k e N. If 2<k <m -1, then it is clear
that P, = U™ i, P;. Now if k > m, Lemma 2.1 results Py = U™ i, Pi. So {a, b} = Py c U™ i, Py,
that is, (a, b) € U™, .

Proposition 2.3 Let (H, o) be a hypergroup, such that [H| = n. Then there exists j, 2 < j < 2" such
that Py c UJFZ Pi for all k.

Proof. Since |P*(H)| = 2" - 1, Then UM L, Pyis an upper bound for the sequence P, = P, U P;
UM L P ..., that s, for all k > 2, we have P = Ui, P = W2™ =2 P;. This complete
the proof.

The next result is an immediate consequence of Corollary 2.2 and Proposition 2.3.

Theorem 2.4 Let (H, o) be a hypergroup, in which [H| = n. For all a, b € H(a # b), we have b € g
(@) iff (a, b) € Ui, B, forsome 2 <j< 2"

Algorithm 2.5 Next, we come to the construction the algorithm, which computes £ equivalence
classes, according to the following description:
Step 1:
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T={Aeﬁum22336&:|mzz;mﬂ¢ﬂ

foreach i € H begin from 1
{
if ieA forsomeAeTl

YmJ=LJ{&ezwvajﬂj¢Bf:Bmug¢mmmaﬂk:3kmA¢m}

isly
B(i) =Y (4)
H=H\Y(A4)
elseifie B forsomeBe Py, |B| = 2

Bli) =B
H=H\B

else

B(i) = {i}
}

If P3 < P2, then by Lemma 2.1 the routine finishes. Otherwise, by Proposition 2.3, we
have Pj < j-1ui=2 Pi for some j > 4. Hence we move to the next step.
Step 2:

Let B = {A(i1), _(i2), ..., B (ik)} be the output of Step 1. We set:

P = Py
for j=4to2™ — 1

i—1
while Not(P; C JU P)
k=2
Pr=rup
T'={B.€B|3B;#B,. 3ki€ Bi. 3 e By, 3Ce P : {k.la} C O}

And we continue as bellow:
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foreach i € H begin from 1
{

ific A, forsome AT

Y'(4) = {Bi €T'|VB;3B; # B, i € By, y€ B, C€ P : {ky, b} CC
iclp

and 3By, ky € B ki€ A, C' € P’ : {ky. ky} C c}

Bi) =Y'(A)
H= H\Y'(A)
print 3(i)
else ifi e B forsomeB € Y(A)
Bli) =B
print 3(i)
H=H\B
elseif i C for some C € Py, |C| > 2,
B(i) =C
print (i)
H=H\C
else
B(i) = {i}
}

At the end of the process we obtain B-equivalence classes. Now in order to obtain the
Fundamental group, (H=/*, ®), we have the following theorem:

Theorem 2.6 Let (H, o) be a hypergroup, such that |[H| = n and k € N be the number of all s
equivalence classes. Let ® be the operation on H/g* and () ® p(h) = At) , forsomete johc
B() o Ah). If we rewrite the set of £ equivalence classes, as the following:

B — {3(i1), Bliz), ..., B{ix)}, 14 = min F(i1), ix = min F{ig), ..., g = min S{ig).

then we have A(t) = S (i) , A (i) N j o h= & for one and only one £ (i) € B.
Proof. In group (B, ®) for one and only one t0 e {i, iy, ..., iy} we have:

By & 8k = Bit) = A", t' = minF(t)

Since t € A(t) is an arbitrary member of j o h, so we have j o h n A(t) # & Thus j o h n S(t0)

# . Now it is sufficient to set i, = t0 and this complete the proof.

Algorithm 2.7 Let B = {A(iy) , o) , Alis) , ... , A} be the set of all Fequivalence classes
obtained through Algorithm 2.5. We present an algorithm, in brief, for computation of
fundamental group, as follows:
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if |6 = 2
foralli; € {iy, ia, ..., i}
{
forallin € {iy, 19, ..., ir}
{
ifdiB e B, BNjoh # &
print ("A(i;) @ Alin) =", B)
else
h=h+1
1
i=i+1
1
else
print trivial case
end

3. JAVA PACKAGE AND EXAMPLES

In this section we use a comprehensive program written totally in Java to compute the
fundamental group of a given finite hypergroup. This program also produces all hypergroups of
order n <3 (n € N) . It consists of two sub-programs (Hypergroupgenerator and Main). For
summarizing, those part of program that are devoted to data entry and output, memory allocation
and file management, are deleted. In the following, the Hypergroup-generator, counts all
hypergroups of order n < 3 (n € N) and isomorphism classes of them. This sub-program also
enumerates quasihypergroups of order n and all S-equivalence classes.

public class HyperGroupGenerator
public void hyperGroupGenerator (int n, int
numberOfHyperGroup)
while (numberOfHyperGroup > 0)
for $(int i = 1; i <= hyperStructure.size
(i 1++) 1
Point point”1l = hyperStructure.getById(i);
HashMap<Point, Set<Point>> productTable =
new HashMap<> () ;

for (int j = 1; j <= hyperStructure.size(
)i 3++)

Point point”2 = hyperStructure.getById(j;
Set<Point> set = new HashSet<Point>(
powerSet.get (index[(i - 1) = n + (j — 1)

1));

productTable.put (point2, set);
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]
point~1l.setProductTable (productTable);

|
boclean isReproduction = hyperStructure
.isReproduction()y
if (isReproduction)
if (hyperStructure. isAssociative
ar
hyperGroupWriter.write
("HyperGroup®™);
hyperGroupWriter.write (hyperStructure
.printHyperStructure(});
hyperStructure. getEquivalenceClasses
(hyperGroupWriter);
numberOfHyperGroup——;
countHyperGroup++;

} else if (calcQuasi) |
quasiHyperGroupWriter.write
("QuasiHyperGroup");
quasiHyperGroupWriter.write
(hyperStructure

.printHyperStructure());
countQuasiHyperGroup++;
]
]
boolean finish = true;
for (int i = 07 i < index.length;
i++) |
if (index[i] = 0) |
finish = false;

index[i] = index[i] - 1;

for (int j = 0; j< i7 j++) [
index[]j] = powerSet.size()-1;

]

break;

|
if {(finish) {
break;

]
hyperGroupWriter.write (countHyperGroup + "");
if(caleQuasi) |
uasiByperGroupWriter.write
(count(uasiHyperGroup+"");
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hyperGroupWriter.close ()i
quasiHyperGroupWriter.close ()7
]
public void hyperCGroupGeneratorUpTolso(int n) throws
Exception {
File theDir = new File(™uptoisc®);
if ('thelir.exists()) {
theDir.mkdir()s
}
HashMap$<$Integer, Integer> numberOfEveryClass =
new HashMap<Integer,
Integer>();
BufferedReader br = new BufferedReader
(new FileReader(new File(
"Hypergroup.txt®™)));
int numberOflsoHyperGroup = 07
String line = "";
while ({linme = br.readLine())} !'= null) {
if {line.equals("HyperGroup™)} |{
boolean isExists = false;
HyperStructure hyperStructure=
new HyperStructure (n);
String[] productTable;
Set$<$Point$>$ hashSet = null;
for (int 1 = 17 i1 <= hyperStructure.size ();
i+4) |
productTable = br.readLine ().split
S B
nt point = hyperStructure.getById(i);
or {(int j = 07 j< productTable.lengthi j++) {
String product[] = productTable[7j]
.Split (", "});
hashSet = new HashSet<Point>();
for (int k = 0; k< product.length
i k4 |
hashSet.add (hyperStructure
.getById
{Integer

.parselnt (product [k])});
point. addProduct
(hyperStructure

.getById(j + 1),
hashSet);
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|
for (int 1 = 0; i < numberQOflIsoHyperGroup; i++) |

HyperStructure hyper3tructurez =
getHyperStructureFromFile ("uptoiso®
+ 1 + ".txbt™)s
if (isIsomorphic(hyperStructureZ, hyperStructure)) |{
numberOfEveryClass. put (i, numberOfEveryClass.get(i)+1);
isExists = true;
break;
)
|
if (!isExists) |
BufferedWriter writer = null;
File output;
output = new File("uptoisos/"™ + numberOfIsoHyperGroup
+ "otxt");
writer = new BufferedWriter (new FileWriter (ocutput));
writer.write(n + "{\textbackslash}n"+ hyperStructure
.printHyperStructure () };
numberJfEveryClass.put (number0fIsoByperGroup, 1);
numbe rOfIsoHype rGroup++;
// System.out.println(numberOfIscHyperGroup);
writer. flushi);
writer.close ()7

|

|
HashMap<Integer, Integer> tmp = new HashMap<Integer,
Integer>();
for{int i = 0 ; i< numberOfIsoHyperGroup 7i++) |
if (!tmp.containsKey (numberOfEveryClass.get (1)) ) (
tmp. put (numberOfEveryClass.get (i), 0);

tmp. put (numberCfEveryClass.get (1),

tmp. get (numberOfEveryClass.get (1)) +1);
]
BufferedWriter writer = null;
File output;
output = new File("uptoisc/numberOfEveryClass.txt");
writer = new BufferedWriter(new FileWriter (ocutput));
for (Iterator<Integer> iterator = tmp.keySet ()
.iterator(}; iteratcr
.hasMext ()7;) |

Integer key = iterator.next();

writer.write (key+" := "+ tmp.get (key)}+"{
textbackslashjn™);
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}
writer.flush{();
writer.close();
br.close ();
]
public HyperStructure getHyperStructureFromFile
{(String fileName) {
try (InputStreamReader file = new
InputStreamReader(
new FileInputStream(fileName));
feredReader br = new BufferedReader(file}) {
ritructure hyperStructure = new HyperStructure(
Integer.parselnt (br.readLine{))):
String[] productTable;
Set<Point> hashSet = null;
or {(int i = 1; i <= hyperStructure.size (); i++) [
productTable = br.readLine().split(™ "};
Point point = hyperStructure.getById{i);
for (int j = 07 j < productTable.length; j++) |
tring product[] = productTable[j].split(",");
hashSet = new HashSet<$Point>();
r {(int k = 0; k < product.length; k++) {
hSet.add (hyperStructure.getById{Integer
.parselnt (product[k])})};
]
.addProduct (hyperStructure.getById(j + 1),
hashSet);

}

return hyperstructure;
} ecatch (FileNotFoundException e) |
e.printStackTrace ();
} catch (ICException e) |
e.printStackTrace ();
} catch (Exception e}
e.printStackTrace ();
)
return null;
)
public boolean islsomorphic (HyperStructure
hyperStructure™1,

HyperStructure hyperStructure2) |
if (hyperStructurel.size(} != hyperStructurez
.size () )|

return false;
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PermutaticonCenerator pg = new
PermutationGenerator|
hyperStructurel.size (), 1});
permute: while (pg.hasMore()) |
int[] temp = pg.getMext ();
boolean isoc = Lruej
for (Iterator<Point> iterator
= hyperStructurel
iterator(); iterator
LhasNext ()i} |
Point pointll = iterator.nmext();
for (Iterator<Point> iteratorz
= hyperStructurel
iterator(); iteratorz
.hasMNext (J7) |
int point2l = (Point) iteratorzZ.next ()i
hSet<FPoint> productl = (HashSet<Point>)
pointll
.product0fFoint (point21);
Point pointlZ = hyperStructurez.getById(temp
[pointll
.getId{} - 1]}
Point point2Z2 = hyperStructureZ.getById(temp
[point2l
.getId{) - 1]};
HashSet<Point> product? = (HashSet<Point=)
pointl2yh,
.productOfPoint (point22) 7 A\
if (productl.size() != productZ.size()) |
/f System.out.println(productl
.size () + "," +
/4 product2.size());
iso = false;
continue permute;
| else {
for (Iterator<Point> iterator3 = productl
iterator();
iterator3.hasMNext ();) {
Point pointl = iterator3.next();
boolean terminate = true;
for (Iterator<Point> iteratord4d = productz
Jiterator{};iteratord.hasNext (};) |
Point point2 = iteratord.next():
if (temp[pointl.getId{} - 1] =
pointz.getId ()} {
terminate = false;
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break;

}

if (terminate)
izo = false;
continue permute;

return true;

return false;
}
public static void main(String args[]) throws Exception |
int n = Integer.parselnt (JOptionPane
wwlinputDialog(®Size Of Hypergroup:™));
int numberOfHyperGroup = Integer.parselnt (JOptionPane
.showInputDialog("Number Of HyperGroups:™});
String calcQuasi = JOptionPane
.showInputDialog("Calculate QuasiHyperGroup,
Yy or ni");

HyperGroupGenerator hgg = new HyperGroupGenerator();
String calclIsomorphism = JOptionPane
.showInputDialog("Calculate Isomorphism,
Yy or ni");
gg.hyperGroupGenerator (n, numberOfHyperGroup, "y
.equals (calcQuasi));
if ("y".equals(calclsomorphism.tolowerCase()}))
hgg.hyperGroupGeneratorUpTolso(n);

The following example illustrates the output of sub-program, Hypergroup-generator, after
enumeration of hypergroups of order 3:
Example 1. If set n = 3 in the above sub-program, It results there are 7° hyperstructures. Then we

find 10323979 quasihypergroups, 23192 hypergroups and 3999 hypergroups(up to of
isomorphism) of order n = 3, distributed on 5 classes of cardinality. Moreover, the fundamental

groups of these hypergroups are as follows:
One group is isomorph to Z3, 9 of them are isomorph to Z, and the rest are trivial groups (0).

In the following we examine for (H, o) given in Table 1.

Table 1. Hypergroup (Example 1)

ol 2 3

T3 [0
20{23} | {1} {2.3}
S RUIREFSIRD

Equivalence Classes

AL ={1}, p(2)={2 3}
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That is, (H/*, ®) = Z,:
Now by the next sub-program (Main), first it is checked that is an arbitrary hypergroupoid
(H, o) of order n € N a hypergroup or not. If it is a hypergroup, this subprogram computes its f-
equivalence classes and fundamental group. This can be done by the following written lines:
public class Main{
public HyperStructure createHyperStructure() |
try (Input3treamReader file = new InputStreamReader(
HyperStructure hyper3tructure = new HyperStructure(
for (int i = 1; 1 $<$= hyperStructure.size(); i++) {
productTable = br.readLine(}.split(™ ");
Point point = hyperStructure.getById(i);
for (int j = 0; j %<$% productTable. length; j++) |
for (int k = 0 k $<§ product.length; k++) |
hashSet. add(hyperStructure.getById(Integer
.parselnt (product[k]}));
}
nt.addProduct (hyperStructure.getById(j + 1), hashSet);
|
)

return hyperStructure;
} catch (FileNotFoundException e) |
e.printStackTrace ()7
} catch (IOException e) {
e.printStackTrace ()7
} catch (Exceptiocn e) {
e.printStackTrace();
|
return null;
|
public static void main(String[] args) throws IOException {
try |
HyperStructure hyperStructure = new Main()
.createlyperStructure ();
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boolean isRepreduction = hyperStructure.isReproducticon();
boolean isAssociative = hyperStructure.ishssociative();
i production && isAssociative) |

writer.write ("HyperCroup");
ArraylList<HashSet<Point>>{equvalenceClasses}

= {hyperStructure}

.getEquivalenceClasses(writer);
System.out.println(equvalenceClasses.get (0).size ());
String calcFundamentalGroup = JOptionPane
.showInputDialog ("Calculate Fundamental Croup,
¥y or n?");
if("y".equals(calcFundamentalCroup.toLlowerCase () )) {

if (equwvalen lasses.size() > 1) |
hyperStructure. calculateFundamentalGroup(
equvalenceClasses, writer);

} else {

writer.write ("\nTrivizal Case");

}
} else if (isRe

production)

writer.write("QuasiHypergroup");
} else {

writer.write ("Hypergroupoid®);

}

} catch (Exception e)
finally {
writer.close();

Here, we observe some examples of hypergroups, used by sub-program, Main, and the
outputs:

Example 2. Consider hypergroupoids (H;, o) and (H,, o) as in Table 2:

Table 2. Hyperstructures (Example 2)

o | 2 3 ¥ 1 2 3

1 1} 1231 | 123} HIEE 3} 12}

2 231 | {1 1] il IRE 123} | {2}

3 [ {23 [y [ I [1} 11,23}
Hyperstructure (Hy, o) Hyperstructure (Hy, *)

For these two hyperstructures, we get the following outputs:
(Hy, o) is a hypergroup, with the following equivalence classes

A1) ={1}, p(2) ={2, 3}
Hence (H./p* , ®) =Z,, while (H,, *) is not a hypergroup and actually is a quasihypergroup.
Example 3. Consider two hyperstructures of order 4 as follows
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Table 3. Hyperstructures (Example 3)

o 1 2 3 El * 1 2 3 B

V| nzy [y | 34 | 3.4 | {1} 1231 | 23y | {4}

T | [12F | L2} | 134] | (3.4 2 | 1237 | 13) EY 11}

3| (34 | 34 [ 12} 3| 1231 | {4 {4 (1}

il B 0 N B B {1} 4] 4 il i 12.3]
Hyperstructure (Hy, o) Hyperstructure (H,, *)

For hyperstructure (H;, o), it concludes that (H;, o) is a hypergroup, with the following

equivalence classes

A1) =41 2}, p2) = {3, 4}

Hence (H./*, ®) =Z,. For hyperstructure (H,, *) we get the following output:

Hypergroup
Equivalence Classes
A1) = {1}
B(2) = {2,3}
B(4) = {4}
That is, (Hz/,gk, ®) =Z,.
Example 4. Give two hyperstructures of order 5 as follows:

Table 4. Hyperstructure (Hy, o) (Example 4)

o 2 3 4 5
t {1} {2.3Y [ {2.3} [{4} | {5}
Z[{2.3F [{4F [44F [45F [ {1}
323 [ (4 [44) [{5) [ (1}
40 44F [ {5) | d45F [ {4ly | {23}
Sl e ik J4t) 423} | {4}
Table 5. Hyperstructure (H,, *) (Example 4)
11 2 3 4

P4y ({28 [is.4) | {4) {>}
2112} {1.5} | {3,4} | 13,4} | {2}
3 33F [ 3.4) [ {12} [{1.2} [ {5}
4 [ 13,47 | {3.4} [ {12} | {1.2} | {5}
S14sr ({2} Ji5) Ji5F [ {1}

Then for hyperstructure (Hy, o), it results:

Hypergroup
Equivalence Classes

AL ={1}, p(2)={2, 3}, p(4) = {4}, p(5) = {5}
Therefore, (H,/f*, ®) = Z, (see Table 6).
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Table 6. Operations (Example 4)

=) g(1) | f(2) | g(4) | 8(5)
S(1y | B(1) | B(2) | B(4) | 8(5)
S(2) | 8(2) | A(4) | #(5) | 8(1)
2(4) | 8(4) [ 8(5) | B(1) | B(2)
Ay | Al5) | A1) | B(2) | 8(4)

For hyperstructure (H,, *) we get the following output:
Hypergroupoid
Example 5. Consider hyperstructure (H, o) of order 6 as follows:

Table 7. Hyperstructure (H, o) (Example 5)

1 2 3 4 5 f
VL4428 ) {4) {5} 16}
2U{2F {0 {8 | {4) {5} 16}
3 A3F [ {3) | {1.2) | {4} {5} 16}
41 {4} | {4} | {4} | {6} {1.2.3} | {5}
S{{5F [ {5} | {5} ([{1.2.3}) {6} {4}
6 | {G} | {6} | {6} {5} {4} {1,2,3}
And we get the following output:
Hypergroup

Equivalence Classes

A1) =41 2,3}, 5 (4) = {4}, A5) = {5}, 5(6) = {6}

Table 8. Operations (Example 5)

= g(1) | A4) | Z(5) | (6)
A1) | A1y | B(4) | B(5) | 8(6)
aid) | /4y | g(8) | A(1) | 8(8)
A3y | Al5) | /(1) | Z(6) | 8(4)
EOREOEIEN TR

It is seen that (H=/4*, ®) is isomorph to Klein quartet group, that is, (H=/g*, ®) = Z, x Z,
(see Table 8).

Example 6. Consider hyperstructure (H, o) of order 7 (as shown in Table 9).
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Table 9. Hyperstructure (H, o) (Example 6)

o] 2 3 4 5 G 7

1[{1} T2 {3} [{4r {5} [{6.7}[{6.7}
2142} ({1} [{5r [{6.7¢ ({3} [{4F [{4}
3 [ {3} 6. 70 | {1 [45F [{4F {2} | {2}
414} {5p | {6.7F [ 41} ({2} | {3} | {3}
3 [ 15 4r {2 [43p [ {67 [ {1} [ {1}
616 7) [ {3} {4 [42F [ {1F [ {5} [ {5}
T46, 7} | 13} {4} 12} {1} {5} 15}

And we get the following output:
HyperGroup

Equivalence Classes
A ={1}, p(2) ={2}, p(3) = {3}
B4)={4}, p(5) ={5}, B (6) = {7, 6}

Table 10. Operations (Example 6)

= Ai1) (2) | 8(3) | A(4) | A(5) | 5(6)
B(1) | 21 | A2y | 8(3) | 8(4) | 8(5) | 8(6)
B2y | 2(2) | A(1) | B(5) | 8(6) | 8(3) | A{4)
B3 | 23 | J6) | S(1) | 8(5) | 8(4) | (D)
Si4) | gid) | A(5) | 816) | S(1) | 8(2) | 5(3)
S(8) | 2(5) | A(4) | B(2) | B(3) | 8(6) | 4(1)
Si6) | 26 | A(3) | 8(4) | 8(2) | 8(1) | A(5)

Which |5(2)| = 2, |5 (6)| = 3, .... Hence the fundamental group (H/S*, ® ) is isomorph to Ss.
Example 7. Give hyperstructure (H, o) of order 8 as it shown in Table 11.

Table 11. Hyperstructure (H, o) (Example 7)

1 2 3 ] 3 6 7 8
IR {4p [ {50 [ 16} {7} {8}
T {2.6] | {L.5] | {4.87 | {3.7F | {2.6F | {15} | {4.8] | {3.7]
343 [ {4F ] 5] {6} {7 [{8F {1} | {2}
T {487 | {3.7] | 12.67 | {1.5] | {&.57 [ 13.7) | 12.67 | {157
S i5F [ 6F 17 {8 ({1 [42) {3} {4}
6| 12,67 | {L.5] | {587 | {3.77 | 12.67 | 11.5} | {4.8] | {3.77
T4t AR [ {2} {3} [{4} [ {5} | {6}
B | (.57 | {3.7] | 12.67 | {157 | {4.57 [ 13.7) | 12.67 | 1557

Then for hyperstructure (H, o), it results:

Hypergroup
Equivalence Classes

A1) =41, 5}, A2) ={2, 6}, A3) ={3, 7}, X4) = {4, 8}
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Table 12. Operations (Example 7)

2 B(1) | 8(2) | B(3) | B(4)
By A | B82) | A3 | 84)
giZy[ g2y [ sy [ 04 | B13)
ERRERREEREDEER)
EEN IR B

As in example 5, here we also have (H/S*, ®) is isomorph to Klein quartet group and (H/g*,
®) =Z, x Z, (see Table 12).

Example 8. We give a hyperstructure (H, o) of order 9 as follows:

Table 13. Hyperstructure (H, o) (Example 8)

aof 1T 2,3,456] 7,89
1] {1} 12,3} H-{1}
2| {2} {1.3} H-{2}
ERRE) {1.2} H-{3}
41 {41 {1.25356) | H- {4}
5145} {23456} | H- {5}
646} {1.2345}) | H-{6}
T {7} H-{7} H- {7}
8| {8} | H-{8} |H-{8}
9| {9} H- {9} H- {9}
And we get the following output:
HyperGroup
Equivalence Classes
pA)=H

Trivial case, that is, (H=/p*, ®) = (0).
4. CONCLUSION

We gave two algorithms to compute the fundamental group of a given finite hypergroup. One
of this algorithm produces all hypergroups of order less than or equal 3 and another algorithm
first check that a given hyperstructure is a hypergroup or no and the compute the fundamental
group derived from a hypergroup via the fundamental relation.
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