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ABSTRACT

In this study, we aim to consider a new kind of a set called by a double framed soft fuzzy set, which is
convenient to handle the real world applications and to investigate the near rings in the view of this new set.
We define some of the elementary set operations of double framed soft fuzzy sets. We propose the notion of
double framed soft fuzzy near rings (ideals) with several properties and characteristics. Further, we illustrate
the given notions with some examples.
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1. INTRODUCTION

In our daily life, many theories are presented to face uncertainty and vague concepts like crisp
set theory, fuzzy set theory, intuitionistic fuzzy set theory and rough set theory (see [1-4]). These
theories are used in different areas like engineering, decision making and medical diagnoses and
etc. But all of these theories have their own limitations and boundaries to face uncertainty and
vague concepts. To handle this problem Molodstov [5], introduced a new theory which gave us
proper solution to consider uncertainty and vague concepts which is known as soft set theory.
Then he applied this idea in different fields like game theory, Riemannian integral, economics,
and so on.

First time in 2001 Maji et al. [6] combined the both theoretical concepts in terms of fuzzy soft
set and discussed its properties. Further, they applied this idea in decision making [7]. Then many
scholars applied soft sets and fuzzy soft sets in different fields (see [8-12]).
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Jun et al. [13] initiated to introduce double framed soft sets and presented its applications in
BCK/BCI algebras. Also Cho et al. [14] studied the double framed soft near rings and defined its
notions. Further, this concept is used by many researchers in different directions, see [15-18].
Mahmood and Bilal [19] introduced the concept of double framed T-soft fuzzy set and defined its
notion. Fu rthermore, they applied this idea in BCK/BCl-algebras and discussed its properties
with the support of examples.

It is known that the parameters are not crisp in real life situations because of the human
thinking, and also each parameter has an effect on the given decisions in some degrees. So, the
first part of the double framed soft fuzzy set in the pair, soft set, gives us the selections according
to the parameters and the second part, fuzzy set, gives us the influences of the each parameter on
the decision. This idea leads us to consider the double framed soft fuzzy sets in some aspects. So,
we first decide to define the notions of double framed B-soft (T-soft) fuzzy near rings, and also
double framed B-soft (T-soft) fuzzy ideals by giving examples. We discuss their some
fundamental properties and give some examples.

2. PRELIMINARIES

In this section, we recall some of the basic notions with some modifications which are the
backbone of the main results.
2.1. Definition [5] Let U be a non-empty universal set and E be a set of parameters. A pair (F, E)
is called a soft set over U if and only if F is a mapping from E into the set of all subsets of U; i.e.,
F:E — P(U). According to this definition, a soft set may be indicated as follows

(F,E)={(e,F(e))| e € E and F(e) € P(U)}
The function F is an approximation function of the soft set (F, E). It is easy to see that soft set
is a parameterized family of subsets of U. For simplicity, we write F instead of (F, E).

2.2. Example A soft set F describes the attractiveness of the dresses which Mrs. A is going to buy
for a party.
U =The set of all dresses under consideration in the shop. U = [xq, x3, x3, x4}
E =The set of all parameters. Each parameter is a word in sentence. E = {eq, e,, €3, €4, €5}
e, = short, e, = expensive, ez := colorful, e, = low — cut and e5 := basic
According to the above criterions, the soft set F is defined as follows.

F = {(e1, {x2,x4}), (e, {x1, x4}), (€3, {x1}), (€4, ), (€5, {x2, x3})}
2.3. Definition [13] A double framed pair ((F, G);E) over U is called a double framed soft set,
where E is a set of parameters and in pair form (F, G) both are soft sets over U; i.e, F,G:E -
P(U). For simplicity, we write (F, G) instead of ((F, G); E), unless otherwise specified.
2.4. Example Mrs. A will go to a party and wants to look smart in the guests. But, her husband
Mr. A’s decision is important for her. Despite the set of all dresses and the parameters for this

couple are same, their perspectives are different. The double framed soft set (F, G) shows both of
their perspectives as follows.

F = {(e1, {x2,x4}), (2, {x1,x4}), (3, {x1}), (€4, @), (€5, {x2, x33)}
G = {(e1, {x4}), (2, {21, x3, %43), (€3, ®), (e, {x2}), (€5, {x2})}
As it is seen, it is easy to decide for a couple to prefer a double framed soft set.
2.5. Definition [20] A double framed pair < (F, f); E > over (U, [0,1]) is called a double framed
soft fuzzy set over (U, [0,1]), where F is a soft set over U and f is a fuzzy set over [0,1], i.e.,

F:E - P(U) and f:E — [0,1]. For simplicity, we write (F, f) to denote a double framed soft
fuzzy set over (U, [0,1]) with parameter set E, unless otherwise specified.
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2.6. Example Ms. A wants to buy a dress and looks at the shops all day to find the most beautiful
one which supplies her criterions. Since she is not sure for the parameters, she may give up some
of them if she finds her cup of tea and also she does not spare much time for looking around.
U =The set of all dresses under consideration in the shop. U = [x4, x5, X3, X4}.
E =The set of all parameters. Each parameter is a word in sentence. E = {e,, e,, e, €4, €5}
e, = short, e, = expensive, ez := colorful, e, == low — cut and e5 := basic

The double framed soft fuzzy set is defined as follows.

(F, 1) ={(F(eD, f(eD), (F(ex), f(e2)), (F(es), f(e3), (F(es), f(es)), (F(es), f(es))}
= {({x4},0.6), ({x3, x4}, 1), ({x1, x5}, 0.3), ({xx1, x3}, 0.8), ({x4}, 0.7)}

Here the values f(e;) indicates the influences of the parameters on the decision in what
degree.
2.7. Definition [20] Let U be a non-empty universal set and B, C be the subsets of the parameter
set E. Let (F,f) and (G, g) be two double framed soft fuzzy sets over (U,[0,1]) with the
parameter sets B and C, respectively. Then (F, f) is said to be a double framed soft fuzzy subset
of (G, g) if for each u €B, F(u) € G(w) and f(u) = g(w). Itis denoted by (F, f) E (G, g).
2.8. Definition Let U be a non-empty universal set and B, C be the subsets of the parameter set E.
Let (F,f) and (G, g) be two double framed soft fuzzy sets over (U, [0,1]) with the parameter sets
B and C, respectively. Then

(1) The uni-int of double framed soft fuzzy sets (F,f) and (G, g) is denoted by (F,f) U
(G,9) =(FUG,fRXg), where

FUG :BuUC — P(U) defined by

F(p)ifpeB\C
pr GP)ifpeC\B
F(p)uGp)ifpeBNC
and fAg:BUC — [0,1] defined by

fifpeB\C
pr g ifpeC\B
frgp)ifpeBnC.
(2) The int-uni of double framed soft fuzzy sets (F,f) and (G, g) is denoted by (F,f) n
(G,9) = (FNOG,fVg),where
FNG:BuUC — P(U) defined by

F(p)ifp€B\C
pw Gp)ifpeC\B
Fo)nGp)ifpeEBNC
and fVg:BUC — [0,1] defined by

f@ifpeB\C
p - 9g)ifpeC\B
f)vg)ifpeBnC
2.9. Definition (1) Let < (F,f);E > be a double framed soft fuzzy set over (U,[0,1]) and
@: E - K be a mapping between the parameter sets. Then the image < (@(F), ¢(f)) ; K > is also
a double framed soft fuzzy set over (U, [0,1]) which is defined as follows for each k € K;

P(F)(k) = Ug=g(e) F(e) and @ (f)(k) = Ak=pe) f (€)-
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(2) Let < (G, g); K > be a double framed soft fuzzy set over (U,[0,1]) and ¢:E — K be a
mapping between the parameter sets. Then the preimage < (@~ *(F), @ 1(f));E > is also a
double framed soft fuzzy set over (U, [0,1]) which is defined as follows for each e € E;

e~ (F)(e) = F(p(e)) and ¢~ (f)(e) = f(p(e)).
2.10. Definition [14] Let Ry be a classical near ring and (F, G) be a double framed soft fuzzy set
over U with the parameter set Ry. Then (F,G) is called a double framed soft near ring if the
following assertions hold, for all u,v € Ry
(SN1) F(u +v) €S F(u) U F(v), F(uv) € F(u) U F(v).
(SN2) Glu+v)26Ww) NGW), Gluv) 2 G(w) N G(v).
(SN3) F(—u) = F(w), G(w) = G(—u).

3. MAIN RESULTS

In this section, we describe the notions of double framed B-soft fuzzy near rings and double
framed T-soft fuzzy near rings by considering their ideals. Further, we discuss the properties of
given notions with some examples. Throughout this study, R denotes a given classical near ring.

3.1. Double Framed B-Soft Fuzzy Near Rings

In this subsection, we present the basic definition of a double framed B-soft fuzzy near ring
and explain this concept by using different results.
3.1. Definition A double framed soft fuzzy set (F, f) with the parameter set Ry is said to be a
double framed B-soft fuzzy near ring over (U,[0,1]), if the following conditions hold for all
u,v € Ry,
(BNR1) F(u —v) € F(u) UF(v), F(uv) € F(u) U F(v).
(BNR2) f(u—v) = f(w).f(v), fluv)=fw).fw).
3.2. Example Let Ry = {l, m, n, o} be a given set with the sum “+” and the multiplication
operations “.” defined as follows
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l m n o

l l l l l

m l l l l
n l l l l
0 l l m m

+ l m n 0
l l m n 0
m m l 0 n
n n 0 m l
0 0 n l m

It is routine to verify that (Ry, +, .) is a (left) near ring. If one defines double framed soft
fuzzy set (F, f) over (U, [0,1]) in such a way that F(n) = F(0) o F(m) > F() and f(1) = 0.5,
f(m) =04,f(n) =0.6 = f(o) then (F,f) is a double framed B-soft fuzzy near ring over
0, [0,1D.

3.3. Proposition Let (F, f) be a double framed B-soft fuzzy near ring over (U, [0,1]). Then the
following properties are satisfied.

(1) F(0) € F(w) and f(0) = f(uw)? for all u € Ry.

(2) F(w) = F(—w).

3)IfF(u—v) =F(0)and f(u—v) = £(0), then F(w) = F(v) and f(u) = f(v)3.

Here 0 denotes the unit element of the near ring according to the sum operation.

Proof: (1) Forany u € Ry, we have F(0) = F(u —u) € F(u) U F(u) = F(u) implies F(0) <
F(u).
And £(0) = f(u—u) = f(w). f(w) = f(w)? implies f(0) > f(w)*.

(2)F(w) =F(0 - (—w) € F(0) UF(—u) = F(—uw), by ().

Now it follows that F(—u) = F(0 —u) € F(0) U F(u) = F(u), by (1)
implies F(u) = F(—u).

(3) Letu,v € Ry and F(u — v) = F(0),f(u — v) = f(0). We need to prove
F(w) =F(v),f(W) = f(v)* and f(v) = f(uw)*. Now
Fuw=Flu—-v+v)=F(u—-v)+v) SFlu—-v)UF(w) =F()UFW) =F(),
Fw)=Fv—u+uw)=F(v—u)+u) SFlv—u)UF(u)=F(0)UF(u) = F(u) because
Flv—u)=F(—(u—v))

Implies F(u)=F(v).

f@=flu-v+v)=f(u-v)+v)=fu-v).f(v) = f0).f(v) = f®)?

3.4. Definition A double framed soft fuzzy set (F, f) with the parameter set Ay over (U, [0,1]) is
said to be a double framed B-soft fuzzy subnear ring of the double framed soft fuzzy set (G, g)
with the parameter set By over (U, [0,1]), if the following assertions hold.
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(1) Ay is a subnear ring of By

(2) F(w) € G(w) and f(u) = g(u), foreach u € Ay.

Note that a double framed soft fuzzy subset is a double framed B-soft fuzzy subnear ring if
itself a double framed B-soft fuzzy near ring.
3.5. Definition Let (F,f) and (G, g) be the double framed soft fuzzy sets over the common
universe (U, [0,1]) with the parameter sets Ay and By, respectively. Then (F, f) is said to be a
double framed B-soft fuzzy twisted subnear ring of (G, g), if the following assertions hold.

(1) Ay is subnear ring of By.

(2) Fw) 2 G(w) and f(u) < g(u), foreach u € Ay.
3.6. Theorem The uni-int of two double framed B-soft fuzzy near rings (F, f)and (G, g) over
(U, [0,1]) which has parameter set Ry, is a double framed B-soft fuzzy near ring over (U, [0,1]).
Proof: Let u, v € Ry, then by the results above,
FUOu-v)=Fu-v)UGu-v) S (FWUF®))U (G UG®))

=(FWUGW)U(F®UGWw) =F T WU FT6)(W)

FUGwv) =Fur) UGur) € (FW) UF®)) U (6w U G(W))
=(FmUGW)U(Fm)UGWw) =FT6)w) U FT6)(W).
and
FRPu-v)=flu—v)Aglu—v) = (f@).f@) A (gw).g@))
> (fArgw).(F@Agw) = Ag)w.(f N g W)

(f K@) uv) = fuv) A guv) 2 (Fw). f)) A (f@). f )
> (fw Agw). (fw) Agw)) = (f A g)w). (f A g) ().
Hence, < (F UG, f A g); Ry > is a double framed B-soft fuzzy near ring over (U, [0,1]).
3.7. Theorem Let (F,f) and (G, g) be the double framed soft fuzzy sets over (U,[0,1]) with
parameter set RyIf (F, f) is a double framed B-soft fuzzy subnear ring of (G, g), then the int-uni
of (F, f) and (G, g) is a double framed B-soft fuzzy near ring over (U, [0,1]).
Proof: Let (F, f) be a double framed B-soft fuzzy subnear ring of (G, g) and u, v € Ry be given.
Then by the definitions the following implications are follows.
FAQOu-v)=Fu-v)NGu—v)=Fu-v)<c (Fw)UF®))
=(Fw) n6(w)) U (F(v) N G(v)) because F(u) € G(w) and F(v) € G(v).
=(FAe)w U FnGe)(w).
(FAG)(uv) = Fuv) N G(uv) = F(uv) € (F(u) U F(v))
:(F(u) N G(u)) U (F(v) N G(v)) because F(u) € G(u) and F(v) € G(v).
=(FAG) W) U (FNG)(v).
fVvpPu-v)=fu-vIvgu—v)=flu-v) = fw.fwv)
=(fw) v g@).(f(w) v g(v)) because f(u) = g(u) and f(v) = g(v)
=(f V). (f V g)(v).
(fVg)uv) = f(uv) v guv) = fuv) = (f(w). f(v))
=(f@ v gw).(f(w) v g)) because f(u) = g(w) and f(v) = g(v)
=(fV)W.(fV ()
Hence < (F A G, f V g); Ay > is andouble framed B-soft fuzzy near ring over (U, [0,1]).
3.8. Theorem Let ¢:Ey — Ky be a near ring homomorphism and ((F, ), EN) be a double
framed  B-soft fuzzy near ring of Ey over (U, [0,1]). Then the image ((@(F), ¢(f)), Ky) is also
a double framed B-soft fuzzy near ring of Ky, over (U, [0,1]).
Proof. It is shown by the definitions.
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3.9. Theorem Let ¢: Ey — Ky be a near ring homomorphism and ((G,g), KN) be a double
framed B-soft fuzzy near ring of Ky over (U, [0,1]). Then the preimage
(((p‘l(F), o~ 1()), EN) is also a double framed B-soft fuzzy near ring of Ey over (U, [0,1]).

Proof. Let uy, u, € Ey be given. Since ¢ is a near ring homomorphism and (G, g) is a double
framed B-soft fuzzy near ring, we have the following inclusions.

(BNR1) ¢ 1(6)(w; —uz) = 6oy — up)) = G(ow) — 9(uy))
S G(ew)) UG (pr)) = 971 (6) (1) U 9~1(6) (uy).
Similarly it is obtained that ¢ ~1(G) (u1uz) € @~ 1(G)(uy) U 0~ 1(G) (uy).
(BNR2) ¢~ (9)(u1uz) = g(@wiuz)) = g(@u)e(uy))
= g(@1).-g(ew)) = 97 (9) (u1). 0~ (9) (uz).
Similarly, it is obtained that ¢ =1(g) (u; — uy) = @~ 1(g) (uy). 7 1(g) (uy).

3.2. Double Framed B-Soft Fuzzy Ideals

In this subsection, we present the ideal of a double framed B-soft fuzzy near ring named as a
double framed B-soft fuzzy ideal.
3.10. Definition Let (F, f) be a double framed B-soft fuzzy subnear ring of Ry over (U, [0,1]).
Then (F, f) is said to be a double framed B-soft fuzzy ideal of Ry if the following assertions hold
forany u,v,w € Ry.
(BNILD)F(u)= Flv +u —v) and f(w) = f(v +u — v).
(BNI2) F(uv) € F(v) and f (uv) = f(v).
(BNI3) F ((u +w)v —uv) CFw)and f((u +w)v —uv) = f(w).

Further, note that (F, f) is said to be a left ideal of Ry if it satisfies axioms of 3.1 Definition
and (BNT1), (BNT2) of 3.8 Definition. (F, f) is said to be a right ideal of Ry if it satisfies the
axioms of 3.1 Definition and (BNT1), (BNT3) of 3.8 Definition.

3.11. Example Let us take into consideration the near ring (Ry, +,") given in 3.2 Example. If the
double framed soft fuzzy set (F, f) is defined in such a way that F(n) = F(o) 2 F(m) 2 F(1)
and f) > fm) > f(n) = f(o), then (F, f) is a double framed soft fuzzy ideal of Ry over
W, [01D).
3.12. Proposition Let (F, f) be a double framed B-soft fuzzy ideal of Ry over (U, [0,1]) then the
followings are satisfied.

(1) F(0) € F(w) and f(0) = f(u)? for all u € Ry.

(2) HF(u—v)=F(0)and f(u—v) = f(0),then F(u) = F(v) and f(u) = f(v)5.
Proof. It is similarly proved to 3.3 Proposition.

3.3. Double Framed T-Soft Fuzzy Near Rings

In this subsection, we define and study the notions of double framed T-soft fuzzy near rings
and ideals. Also, we give the homomorphic image and preimage of a double framed T-soft fuzzy
near ring.

3.13. Definition A double framed soft fuzzy set (F, f) over (U, [0,1]) with parameter set Ry, is
said to be a double framed T-soft fuzzy near ring of Ry, if the following conditions hold for any
u,v € Ry.

(TNR1) F(u—v) S F(u) UF(v), F(uv) € F(u) UF(v)

(TNR2) fu—v) =2 fAf(), fluv) = fW A f(@).
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Note that 3.2 Example shows that (F, /) over (U, [0,1]) is a double framed T-soft fuzzy near
ring over (U, [0,1]).
3.14. Theorem Each double framed T-soft fuzzy near ring of Ry is also a double framed B-soft
fuzzy near ring of Ry.

Proof Let (F, f) be a double framed T-soft fuzzy near ring of Ry. To prove that (F, f) is a double
framed B-soft fuzzy near ring, we only need to prove that f(u — v) = f(u). f(v).
Since (F, f) is a double framed T-soft fuzzy near ring, it is known that
fw-v) = fAfW) = f@. ) implies f(u —v) = f(w). f(v).
Hence, the result is proved.
Note that the converse of the 3.14 Theorem is not true in general.

3.15. Example 3.2 Example shows that the converse of the 3.14 Theorem is not true in general
since f(on) = f(m) = 0.4 £ F(0o) AF(n) = 0.6.

3.16. Definition A double framed soft fuzzy set (F, f) over (U, [0,1]) with parameter set Ay, is
said to be a double framed T-soft fuzzy subnear ring of (G, g) over (U, [0,1]) with parameter set
By, if the following assertions hold.

(1) Ay is subnear ring of By

(2) Flw) € G(w) and f(w) = g(u), foreach u € Ay.

Note that, a double framed T-soft fuzzy subset is said to be a double framed T-soft fuzzy
subnear ring if itself a double framed T-soft fuzzy near ring.

3.17. Definition Let (F, f) and (G, g) be the double framed soft fuzzy sets over the common
universe (U, [0,1]) with the parameter sets Ay and By, respectively. Then (F, f) is said to be a
double framed T-soft fuzzy twisted subnear ring of (G, g), if the following assertions hold.

(1) Ay is subnear ring of By.

(2) F(w) 2 G(w) and f(u) < g(u), foreach u € Ay.
3.18. Theorem The uni-int of double framed T-soft fuzzy near rings (F, f) and (G, g) over the
common universe (U, [0,1]) and has the common parameter sets Ry, is also a double framed T-
soft fuzzy near ring of Ry.
Proof. Let u, v € Ry be given. Then by the assumption, the followings are true.
FUOu-v)=Fu-v)UGu-v) S (FWUF®))U (G UG®))

=(FWUGW)U(F®)UGw) =F T WU FT6)(W)

(FUG) () =Fur) UGuw) € (FW) UF®)) U (6w U G(v))
=(FWUGW)U(F)UGw) =FT6)w) U (FTG6)(Wv).

FAPu-v)=flu-IAgu—v)2(F@Af@))A (g Ag))
=(fFWAgW)A(F@AgW) =FRAPDWAF A W)

(fFAP@v) = fuv) Aguv) 2 (fw) A f)) A(fw) A fF(v))
=([f@Ag)A(f@)AgWw)) = (fFRg) A (f R g)(w).

Hence, < (F UG, f A g); Ry > is a double framed T-soft fuzzy near ring over (U, [0,1]).

3.19. Theorem Let (F,f) and (G,g) be the double framed soft fuzzy sets over the common

universe (U, [0,1]) and has the common parameter set Ry. If (F,f) is a subnear ring of (G, g),
thenthe int-uni of (F, f) and (G, g) is a double framed T-soft fuzzy near ring.

Proof. Let(F,f) be a subnear ring of(G,g)and u,v € Ry be given. Then the following
implications are satisfied.

(FﬁG)(u—v)=F(u—v)nG(u—v)=F(u—v)§(F(u)UF(v))
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= (F(u) n G(u)) U (F(v) n G(v)) because F(u) € G(u) and F(v) € G(v).
=FAGO)WUFNG)W)
(FAG) () = Fluv) N G(uv) = F(uv) € (F(u) U F(v))
= (F(u) n G(u)) U (F(v) N G(v)) because F(u) € G(u) and F(v) € G(v)
=FA6) U FNG) (W)
FVPu-v)=fu-v)vgu-v)=flu-v)=f@Afw)
= (f@) vgw) A (f(w) v g(v)) because f(u) = g(u) and f(v) = g(v)
=(fVgAr(fVgw)
(fV @) = fuv) v g(uv) = fuv) 2 (f(w) A f(v))
= (f@vgw) A (fw) v gw)) because f(u) = g(u) and f(v) = g(v)
=V (VW)
Hence < (F A G, f V g); Ry > is an int-uni double framed T-soft fuzzy near ring
3.20. Theorem A double framed soft fuzzy set (F, f) over (U, [0,1]) with parameter set Ry is a
double framed T-soft fuzzy near ring if and only if following conditions hold for any u, v € Ry,

WD Fu+v)<cFwUf), Fluv) € F(u) U F(v)
@Qfu+v)zfWAfW), fluv) = fW A f(v)
() Fw) = F(—w) and f(u) = f(—w)
Proof. First let us assume that the conditions (1)-(3) of the theorem are satisfied. Since
Flu—v)=Fu+ (-v)) € F(u) UF(—v) = F(u) U F(v), since F(u) = F(—u),
fu—=v)=fu+(v)) = f@Af(-v)=f@)Af(),since f(u) = f(-u).
Hence, the result is proved.
The other direction of the theorem is clear.

3.21. Proposition Let (F, ) be a double framed T-soft fuzzy near ring over (U, [0,1]). Then

(1) F(0) € F(u) and £(0) > f(u) for all u € Ry.

(2)IfF(u—v) =F(0)and f(u —v) = f(0), then F(u) = F(v) and f(u) = f(v).

3 {F(O) = F(u) ifandonly if Flu + v) = F(v + u) = F(v)

©) f(0) = f(wifandonlyif f(u+v) =f(v+u) =f()’

for afixed u € Ry and for all v € Ry
Proof. (1) For any u € Ry, we have F(0) = F(u —u) € F(uw) U F(uw) = F(uw) implies F(0) <
F(u),
and f(0) = fu—w) = fW A f(w) = f(w) implies £(0) = f(w).

(2) Letu,v € Ry and F(u — v) = F(0), f(u — v) = f(0) to prove F(u) = F(v), f(w) =
f(). Now
Fuw=Flu—v+v)=F(u—-v)+v) SFlu—-v)UFWw) =F)UFW)=F(),
Fw)=Fv—u+uw)=F(v—u)+u) SFv—u)UF(u)=F()UF(u)=F(u) since
Flv—u) =F(—(u—v))
This implies F(u)= F (v).
fW=fu—-v+v)=f(u-v)+v)=2flu—-v)AfW) =fO)AfW) = f),
f@W=f-utw=f(v-w+w=fw-wAfw =rf(0)Af()= f(u) because
fo—w) = f(=(u—-v)).

(B)Let F(0) =F(w), f(0)=f(w)toprove F(u+v) =Fwv+uw) =F@w)and f(u+v) =
fw+u) = f(v), forall v € Ry, where u € Ry is fixed.

F(uw) = F(0) € F(v)

Fom® {700 o) > £
Now F(u+v) S Fw)UF(w)=Fw)and Flv +u) S F(v) UF(u) = F(v),
Fw)=F(—u+u+v) SF(—u)UF(u+v)=FwUFu+v)=FO)UF(u+v)=
F(u + v) and

forallv e Ry
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Fw)=Fv+u—uw) SFwv+uUF(—uw)=Fv+wUFu) =Fw+u)UF(0) =

F(v +u).

This implies F(u + v) = F(v + u) = F(v). Further,

fw+v) = f@Af(w) = fw)Afw)=f(v)and

fo+w=f@WAfw =Fw)Afw) = fw).So,

Fw)=F(—u+u+v) ZF(—uW)AFu+v)=FuAFu+v)=FO)AF(u+v)=

F(u + v), and

f@=ftu-wWzfG+WAf(—u)=f@+wWAf@) =f@+uw)Af0)=f+u).
3.22. Theorem Let ¢: Ey — Ky be a near ring homomorphism and ((F,f),EN) be a double
framed T-soft fuzzy near ring of Ey over (U, [0,1]). Then the image (((p(F), <p(f)),KN) is also
a double framed T-soft fuzzy near ring of Ky over (U, [0,1]).

Proof. Let kq, k, € Ky be fixed. Then,

D)o + (k) = U Fey+e2)
(k1+(=k2))=p(e1)+@(e)=¢(e;+ez)
c U (F(ey) U F(ey))

(k1 +(—k2))=¢(e1)+p(e)=¢p(este;)

< ( U F(e1)> U ( U F(ez>> = 9(F)(k:) U 9(F) (k).
ki=¢(e;) —k,=¢(ez)

D) k) = Fleres) © U (F(ex) UF(e)
(k1k2)=p(e3=e,e2)=p(e1€2) (k1k2))=p(e)p(ex)=¢p(e ;)
- Fea o | F(ez)>=¢(F)(k1)U(p(F)(—kz)-
ki=¢(e1) k2= (ez)

o(f)(ky — k) = () Uy + (=k32))

-\/ fler+e)
(k1 +(—k2))=9p(es=e; +ez)

-\/ fles+e)
(k1+(—k2))=gp(e))+p(e;)

= \/ (f(€1) A f(ez))

ki=@(e1),~kz=¢p(ez)
=\/ e\ e =00 ap) k),
oD Ao =\[  fleon\[ e
VR GOZYICY) BV AN (CESE OIS
3.23. Theorem Let ¢: Ey — Ky be a near ring homomorphism and ((G,g), KN) be a double

framed T-soft fuzzy near ring of Ky over (U,[0,1]). Then the preimage
((¢‘1(F), )} EN) is also a double framed T-soft fuzzy near ring of Ey, over (U, [0,1]).

Proof. It is easily proved by the definitions.

3.4. Double Framed T-Soft Fuzzy Ideals

3.24. Definition A double framed T-soft fuzzy near ring (F, /) of Ry over the universe (U, [0,1])
is said to be a double framed T-soft fuzzy ideal of Ry, if it satisfies the conditions given in
3.10 Definition.
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Further, note that (F, f) is said to be a left ideal of Ry if it satisfies axioms of 3.13 Definition
and (BNT1), (BNT2) of 3.10 Definition. (F, f) is said to be a right ideal of Ry if it satisfies of
3.13 Definition and (BNT1), (BNT3) of 3.10 Definition.

3.25. Example Let Ry = {l, m, n, o} be a classical set, and the sum “+” and the multiplication

@

.” operations defined as given below.

+ l m n 0
l l m n 0
m m l 0 n
n n 0 m l
o 0 n l m

l m n 0
l l l l l
m l l l l
n l l l l
o l m n o

It is routine to verify that (Ry, +, .) is a (left) near ring. If the double framed soft fuzzy set
(F, f) is defined in such a way that F(n) = F(o) > F(m) > F(I) and f(I) > f(m) > f(n) =
f(0), then (F, f) is a left ideal of Ry over (U, [0,1]) which is not a right ideal.

3.26. Proposition Let (F, f) be a double framed T-soft fuzzy ideal of Ry over (U, [0,1]) then, it
satisfies the following properties.

(1) F(0) € F(w) and f(0) = f(u) forall u € Ry.
(2)IfF(u—v) =F(0)and f(u—v) = f(0),then F(u) = F(v) and f(u) = f(v).

Proof. It is similarly proved to 3.3 Proposition.
4. CONCLUSION

The theory of soft sets is defined by Molodtsov as a convenient tool to deal with uncertain
phenomena. This theory is very useful since the parameters are considered in the calculations. But
in the real life applications, it should be noted that all the parameters has their own importance
degrees and these degrees change according to the decision makers and also, some parameters are
omitted in some situations. So, the double framed soft fuzzy set theory is useful to solve these
kinds of problems. Because, all the alternatives according to the parameters are given with their
importance degrees. So, we found it reasonable to study with the double framed soft fuzzy set in
algebraic aspect. We defined the double framed soft fuzzy near rings (ideals) and investigated
their characteristics. For future work, we hope to apply the double framed soft fuzzy sets in
decision making problems.
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