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ABSTRACT

The main purpose of the present paper is to study integrability conditions by calculating the Nijenhuis Tensors

of almost paracomplex structure F~ on [:1,1] —Tensor Bundle. Later, we obtain the Lie derivatives
applied to Sasakian metrics with respect to the horizontal and vertical lifts of vector and kovector fields,
respectively. Finally, we get the results of Tachibana and Vishnevskii operators applied to horizontal and
vertical lifts according to structure £ on (1,1] —Tensor Bundle Tj_l(Mj.

Keywords: Integrability conditions, Sasaki Metrics, Tachibana operators, Almost Paracomplex structure,

( 1, 1:] —Tensor Bundle.

1. INTRODUCTION

Let M be a differentiable manifold of class €~ and finite dimension 7. Then the set
Tli[M:] :P'E"d' Tli(Fj is, by definition, the tensor bundle of type (1,1) over M, where U
denotes the disjoint union of the tensor spaces Ty (P) for all P € M. For any point P of
Til[M], the surjective correspondence P — P getermines the natural projection
T Tll(M] — M. The projection 7 defines the natural differentiable manifold structure of
TL(M), thatis, TH(M) isa €™ —manifold of dimension 7 + 7%, A local coordinate a
neighborhood {(U;x7, j=1,...,n)} in M induces on T(M) a local coordinate
neighborhood fm _1(U:];x}',x:1_ = t_;:, j=1,...,n} p=ntj
(F=n+1,...,n+n%) where ¥l = t_;: are the components of the {1,1) tensor field
t in each (1,1 tensor space Til(P], P € U with respect to the natural base [11].
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We denote by <35 (M) the module over F'{M) of all £ tensor fields of type (7", 5) on
M, where F(M) is thr ring of real-valued '™ functions on M. If & € E‘ji(M], it is
regarded, by contraction, as a function on T11 [M] which we denote by . If & has the local

expression & = EI’; a_;- & dx" in a coordinate neighborhood U[x-’:] = M, then
wr = t'x(l“] has the local expression tox = cx‘: t;: with respect to the coordinates (x},x"j

in ?I_i[:U:].Suppose that A € J3I(M). Then there is a unique vector field
YA € SY(TH(M)), such that for & € T,'(M) [8]

Y AGa) = a(A)or = (a(A)) Ly

where ¥ (x(A)) is the vertical lift of the function az(A) € F (M) [11]. The vertical lift
v
Aof A
to Ty (M) has components
A VA 0
= = ; 1.2
v Al A 1.2)

\Y

with respect to the coordinates (X', XT) in T;(M) [4, 11]. Let L be the Lie derivation
with respectto ¥ € 5 (M). We define the complete lift €V = Ly, of V to T1(M) by
“V(a) = t(Lya) (1.3)
for ¢ € ST(M)[8,11].1F CV = CV*3, + “VF 3 from (1.3), we have
V¥t d,al +VEak = ti(VF d al — (8, V)ak + (8,VF)al). (1.4)

Discussing in the same way as in the case of the vertical lift, from (1.4), we see that the
complete lift €V has the components

cy ! Vi

C

vi ) lg@ev)-tevm -

with respect to the coordinates (X', X:j) in T3H(M) [4,9,11].

Let V be a symetric connection on M. The horizontal lit "V of V € F3(M) o
T (M) has the components

Cvi Vi
SV B VAT s

sirm

H

(1.6)
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with respect to the ¢ oordinates (Xi ) XT) in Tll(M:], where 1";; are the local components
of Von M [4,9, 11, 12].

Let @ £ Jl(M:] which are locally represented by @ = Q:J_;, P @ dx’. The vector
fields ¥g2 and ¥ on T1 (M) are defined by

Yo = ("

':P_ ( ?‘J‘l‘p_;l'_ij

8x]
with respect to the coordinates [xi,x-’_j in Tll(M]. From (1.2) we easily see that the

vector fields ¥4¢7 and ffp determine respectively global vector fields on Tll(M:] [4].

Definition 1.1 The bracket operation of vertical and horizontal vector fields is given by the
formulas

YAV B] =0, (L.7)
Hx7 Al =Y (VzA),
XAY] =" [XY] + (F - VR(XY),

where R denotes the curvature tensor field of the connection W, and
¥—y:@ = SL(TL(M)) is the operator defined by

. 0
F-ne= (finfpj-“ — t}“fpin)
forany @ € 1 (M) [11].
From (1.2) and (1.6), we have
BXy =613, + (-Tit; +TitH) o, (L.8)

vAD = sk 0. (1.9)

a R _

with respect to the natural frame {E'xiﬂ} = {E'x"" , F} in TL(M), where x" = tf

and 5;1. is the Kronecker’s. These Tt + n’ vector fields are linearly independent and generate,
respectively, the horizontal distribution of ¥ and the vertical distribution of Tll[M]. We call
the set {"X ( ﬂ,vﬁlm } the frame the adapted to the affine connection V on
7 Y (U) c TA(M). putting

—_H _ =V |:_'::|
e = Xy e = A%,

we write the adapted frame as {EE‘} = {E.:f_;., 6 } The indices @, 5, ¥, - . run over the

range {1, e+ 1,0.,n+ H:} and indicate the indices with respect to the adapted
frame {eg } Using (1.8) and (1.9), we have the components of the lifts Ex and YA
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Hy j i
= txny=| :(X'j, (L 10)
VAL 0
VA=(A) = A (1.11)
Al Aj

with respect to the adepted frame {eﬂ}, X and A} are the local components of X and
Aon M, respectively [7,11]. For each P € M, the extension of scalar product g (denoted
by G ) is defined on the tensor space 7 *(P) =T,'(P) by G(A,B) =g, 9" A} Bl for all
A,B € 31(P).

Definition 1.2 The Sasaki metric ©g (or diagonal lift of g) is defined on T,'(M) by the
following three equations [11]

“g("AY B) = "(G(4.B)), (1.12)
*g("AFY) =0, (1.13)
“g(PxFY) = "(g(X.T)), (1.14)

forany X, ¥ € I3(M) and A, B € I (M). Since any tensor field of type (0,2) on
Tll(M ) is completely determined by its action on vector fields of type H X and ¥ A (see [13],
p. 280), it follows that Sg is completely determined by the equations (1.12)-(1-14).
Definition 1.3 The horizontal lit “V of any connection V on the tensor bundle Tll(l\/l) is
defined by
Ayv,"B=0, fvr Ay =0
Byu VB = V(V,B), "vu, vy = (v, ¥) (1.15)

forall X,¥ € F3(M)and 4, B € F1(M) (see [5,7,8,11]).
5
1.1. Sasaki Metric ~ & and Paracomplex Structure F on T (M)

Let (T(M), “g) be the (1,1) tensor bundle with the Sasaki metrik = g. From the
equation (1.12)-(1-14), we easily see that the horizontal distribution H, induced by "Fg and
determined by the horizontal lifts, is orthogonal to the fibres of Til[M].

Letnow E € SE[M:] be a nowhere zero vector field on M. Forany X € SE(M:] and
E =goE €3(M), we define the vertical lift ' (X & E) of X with respect to E.
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The map X — (X ® E) is a monomorphism of F5(M) — 3L (T, (M)). Hence a n-
dimensional € vertical distribution V= is defined on T,}(M). Let V= be the distribution
on Tll[:M] which is the ortogonal to H and VE. Then H, VE and V' are mutually
orthogonal distributions with respect to Sasaki metric s 4. We define a tensor field F of type
(1,1)on T, (M) by [11]

FEx =V (X ® E),

FY(x® E)="Xx, (1.16)

F("A) =¥ A

for any X € F3(M) and A € F(M), where E=goEe3)(M) The
restrictions of F to H + VE and V' are endomorphisms, and hence F a tensor field type
(1,1)on Tll(M]. It is easy to see that = = I In fact, we have by virtue of (1.16)

F2("X) = F(FPX) = F('(X @ B)) =7 %,
FAU(XQ®E))=F(F'(X®E))=F("x) =" (X ®E),
FX(YA)=F(F'A)=F(A)=" A4
forany X € JIL(M)and A € (M), which implies F* = I [11].
2. MAIN RESULTS

2.1. Integrability Conditions of Almost Complex Structure on Tll (M),

Definition 2.1 Let £ be an almost complex structure on M | i.e., FP=—I. we say that F is

integrable if the Nijenhuis tensor Nz of F is identically equal to zero. The Nijenhuis tensor N
is defined by

NF=[FX,FY]—F[X,F?]—F[FX,Y]+F2[X,Y:| (2.1)
forany X, ¥ € F3(M) [1, 10].
In addition the structures are called as an almost product structure for Fi=1 and dual

structure for F2 = 0. The condition of Ng(X,¥) = N(X,¥) =0 is essential to
integrability condition in these structures. The Nijenhuis tensor N is defined local coordinates

by
N:'J;'ak = (F7 a;{*ﬁ;‘k - F; 9,F — aif}zka + a;'ﬂsﬂkj 0
= = 1 : 2 _
where ¥ = 0, ¥ =48, F € 37(M_)ie, F*=—I.
Theorem 2.1 Let Ne("AY B), Nz(P XY B) and No("A" (X ® E)) be the
Nijenhuis tensors of almost paracomplex structure F on T&(M). Then the almost
paracomplex structure F'on T, (M) is integrable, where F a tensor field type (1,1) on
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T(M)je, F2=1,E € 31(M) beanowhere zero vector fieldon M, V(X & E) is
the vertical lift of X with respectto E forany X € J23(M)and E = g o E € J](M),
Proof.

i] From (1.7), (1.16) and Definintion 4, we get the following results

N-(YAV B) = [FYA,F'B]— F[FVAY Bl — F[VA,F'B] + F*["AY B]

=[YAVB]—F['AY B]—F["A" Bl + [VA B]

=0,

ii) N.(%x,Y B) = [F¥X,FVB] — F[F¥x,Y B] — F[*X,FVB] + F[*X B]

= ["(x ® ) B] - F['(X ® )Y B] - F[*X,” B] + [*x,” B]

= —F"(V3B)+"(V4B)

= _V[FXB]—I_V[IEXB]

=0,

i) N (YAY (X ® E)) = [FYA,FY(X @ E)] - F[F'4Y (x ® B)]

—F[YAFY(X@ EN]+ F['AY (X ® E)]

=[VARX]-F['AY (x® E)]- F['AF Xx]

+[YAY (X ® E)]

= =V (Vz4)+"(V;4)

=0.
Theorem 2.2 et N(°XFY), N("(X@E) (Y®E)) and
NF(U[X'@' E’],H Y] be the Nijenhuis tensors of almost paracomplex structure F on
TH(M). Then the almost paracomplex structure F on T (M) is integrable if and only if the
following 1), if) and £if) conditions are required.

i) T is the Torsion tensor T (X, ¥) = 0,

i) VE =10,

{if) R = 0,

where F a tensor field type (1,1) on Ty (M)je, F*=1,E € 35(M) be a
nowhere zero vector field on M, ¥ (X & E) is the vertical lift of X with respect to E for
any X € 31 (M)and E = g o E € I](M),
Proof.

i] From (1.7), (1.16) and Definintion 4, we get

N-(AxHv)=[FEX,FHY] —F[FEx P Y] — F[®Xx, FRY] + F?[®x " Y]

=[x ®E)’ (¥ ®E)] - F["(X ® E)."Y]

—FIRY (v @ E)] + (XA Y]

= (VpX)+(X @ (g (VyE)))— (VxY)

450



Some Notes on Integrability Conditions, Sasaki ... ~ / Sigma J Eng & Nat Sci 37 (2), 445-459, 2019

¥ @ (g° (VzE))+7[X Y]+ (7 —¥)R(X,Y)
=—H(TXxY)+'(X® (g° (VyE)))
(Y @ (g° (VzE))) + (F — Y)R(XY)

)N ("X @ E)Y (v ® B)) = [F'(x® E),F¥ (Y ® E)] ~ FIF'(x ® )Y (v ® E)]
—FIEXQE),F ¥ @B +F['E QL) (¥ E)]

= (%7 Y] - F[*x} (Y @ E)] - F['(X @ E). ]

+H(X®E) (¥ ® E)]

=-A(TEY))-"(¥Y®(g° (VxE)))

+'(X ® (ge (VWE)))+ (F—¥IR(XY)

i) N.("(x @ £) 7 ¥) = [F'(X ® E),F¥Y] - FIF' (X ® E) ¥ 7]
—F['(X ® E),F¥] + F2["(X @ E) FY]

=[x (v @ E)] - F[*X,% ¥]

—FIX @ E) (v @ D)+ (X @ E)v]

=" (VzV) @ E)+"(Y @ (g° (VxE))—"((LsY) @ E)
—F-VREY)-"(VwX) @ E)-"(X ® (g° (VyE)))

=" (T(X.Y) ® E)+"(Y ® (g ° (VxE)))

(X ® (g2 (VWE))) — (F —¥IR(X,Y)

T is the Torsion tensor T(X,¥) =0, VE =0and R = 0

2.2. Lie Derivations of Sasakian metric -E"g with respect to horizontal and vertical lifts on
Ty (M)
Definition 2.2 Let M™ be an 7 —dimensional differentiable manifold. Differential
transformation D) = Ly is called as Lie derivation with respect to vector field
X € I3(M™)if
L.f = Xf,¥f € 33 (M™), 2.2)
L.Y=[X Y], VXY € 3L(M™).

[X, ¥ is called by Lie bracked. The Lie derivative Ly F of a tensor field F of type (1,1)
with respect to a vector field X is defined by [2, 3, 13]
(LxF)Y = [X,FY] - F[X,Y]. (23)
Theorem 2.3 Let Sg be Sasakian metric Eg, is defined by (1.12),(1.13),(1.14) and LH the

operator Lie derivation with respect to . From (1.7), (1.15) and Definintion 5, we get the
following results

D(Lve*g)("AY B) =0,
i) (Lve*g)(TAFY) =7 (G (A V0)),
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i) (Lve"g) (%X, B) =¥ (G(VxC, B)),
) (L g) (XA Y) = 0,
v)(LEz"g)("AY B) =V ((V;G)(A.B)),
vi)(Leg)("AFY) =° g("A (F — VIR(Z.Y)),
vit)(LE;°g)("X," B) = —g((¥ —Y)R(Z,X).” B),
viil)(LEg) (X7 V) =" (L) (X Y)—g((F — VR(Z,X)F Y)
—g(*X, (F —¥)R(Z.Y)),
where the horizontal lifts X € JFL(THM) of X € FA(M) and the vertical lift
VA € L(TIM) of A € F](M) defined by (1.10),(1.11), respectively.
Proof. From (1.7), (1.15) and Definintion 5, we get

D (LveS9)("AY B) = Lv Sg("AY B)=Sg(Lv Y AY B)=Sg(4",Lv."B)
=" C"(G(4.B))
=0

B) (LveSa)("AF Y) = Lv Sg("AF )= g(Lv VAR V) —Sg (A Lv."Y)
=" g("A" (V4 0))
=" (6(4,7,0))

Iit) (Lv Sg)(®xY B) = Lv.Sg(¥x, B)—Sg(Lv %X’ B)—Sg(¥X,Lv."B)
=% g("(vx0)." B)
=" (G(VxC. B))

@) (Lvtg) (KA V) = LvSg(KF ¥) =g (Lv P X V) =S5 (X, Ly M)
=" CV(g(x,Y))+ g("(VC) V) +5 g ("X, (V4 C))
=0

V)(Lrg)("AY B) = L1, g("AY B)—Sg (L, AY B)—g("AL¥,"B)
=" (ZG(A B)—g("(V;A)" B)—"g("A" (V;B))
=" ((V26)(AB))

i) (LESg) (AR Y) = Lu,Sg("A% V)= g(LE," A% V)~ g("A, L #,7Y)

=—g("(VzA) V) g("AT[Z,Y] + (F —¥)R(Z,Y))

=—g("AT[ZY])—g("4, (7 - V)R(Z.))

=* g("A, (¥ — Y)R(Z.Y))
vii) (La,Sg) (XY B) = Lu,"g(*XY B)=Sg(Lu,"x" B)—Sg("X,Lu,"B)
—g(*[Z.X] + (7 —V)R(Z.X).” B)—"g("X,” (V;B))
—g(*(LzX).” B)—"g((¥7 —¥)R(Z.X).” B)
=—"g((¥ —¥)R(Z.X)." B)
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VHD) (L1,5g) (%% 7 ¥) = L7 g (4,7 ¥) =g (Lit, X ¥)=Sg ("X, L 5,7Y)
=" ZV(g(x,Y))—"g(*[Z.X] + (¥ — v)R(Z,X),7 Y)
—g(PXF[Z,Y]+ (¥ —v)R(Z.Y))
= (L)X Y))—"9((F —¥)R(Z.X).7Y)
—g ("X, (¥ — ¥)R(Z.Y))

2.3. Tachibana operators applied to HX andV A According to an Almost Paracomplex
Structure £ on T, (M)

Definition 2.3 Let @ € J1(M), and I(M) = ZF__, 37 (M) be a tensor alebra over
®

H.Amap (,'blp | regoi™ (M) — 3(M) is called as Tachibana operatdr or f,'blp operatdr on

M if

a:',l ¢¢, is linear with respect to constant coefficient,
&=
b) Pyt I(M) — 32,4 (M) forall Tand S,
C

€) P (KRBL)= (¢ ,K) BL+K® p,Lforall K,L € %(M]
d) @oxY = —(Ly@)X forall XY £ F2(M), where Ly is the Lie derivation
with respect to ¥ (see [2, 3, 6]),
€) (@oxm¥ = (d(iym))(@X) — (d(iy(nee)))X + n((Ly@)X)
= QX (iyn) — X (i) + n((Ly@)X)
for all nE E'SE[:M:,Q] and X Ye SE(MH:], where

®

c
iy =n(¥)=n & ¥,3T(M,) the module of all pure tensor fields of type (7, 5) on
c
M with respect to the affinor field, & is a tensor product with a contraction £ [10].
Remark 2.1 If 7= 5=10, then from ¢),d)} and €) of Definition 6 we have
Gox (Ip1) = X (iyn) — X (i) for iyn € F5(M,,), which is not well-defined
c;blp — operator. Different choices of Yand 77 leading to same function f = L'YT; do get the

. — pZ . . o 1
same values. Consider M = R“ with standard coordinates X,V. Let ¢@ = 1 o)

Consider the function f = 1. This may be written in many different ways as L'YT;r. Indeed
. _ a8 a ] . .
taking 71 = dx, we may choose ¥ = Soor ¥= . +x R Nov the right-hand side of
x x ¥
Pz (Iyn) = @X(Iyn) —X(igpen) is (@X)1—0=0 in the first case, and
g
(@X)1 — Xx = —Xx in the second case. For X = 5 the latter expression is —-1=+0,

Therefore, we put ¥ + 5 == 0 [10].
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Remark 2.2 From d ) of Definition 6 we have

Pox¥ = [@X, Y] — @X,Y].
By virtue of

fX.gY] = fglX. Y]+ f(Xg)Y — g(Y)X

forany f, g € J5(M,,), we see that Pz ¥ islinear in X, but not ¥ [10].
=

On the other hand, let t € 31(M,), ie tog = @ot (t is a pure with respect to @
and conversely ¢ is also a pure with respect to ). Then t¥ & SE[MHJ for any
Y € 33(M,) and by £) of Definition 6 we have

(t,t7)x = ((8,£)%) QY +t® (¢,¥)X

(2.9
= (.Y +t((9,1)%).
Using (2.4), we have from d:] of Definition 6
(9.0)xV) = (¢,t)x =t ((4,7)%)
- (~Lor + Ly )X @9

Since t 2 g2 = ¢ = t is trivially satisfied for £ = ¢, we obtain from (2.5)
(¢09)(x,7) (—Lovo+ 0(Ly0))X

N, (X, 7).

Thus we have the relationship between the Tacibana operator t;blp ¢ and the Nijenhuis tensor
N constructed from ¢ [10].

Theorem 2.4 Let F be an almost paracomplex structure on Ty (M)ie, F2 = I and ¢z be
the Tachibana operator, defined by Definition 6, then we get the following results

i) PV = =V((VyX) @ E)+((LyY) ® E)
(X ® g o VyE]) + (¥ — Y)R(X.Y),

ii) Dy X = —T(LyY)+H(VyY) — (F — ¥)R(X.Y)
+'(Y ® g (VxE))

i) Pl ygey’ (X @ E) =" ((VyX) @ E)+7(X ® g o (V,E)]).

iv) by’ (X @ E) = —%(VyX)—"(X ® (g = (V,E))),

v) Py A= =" (VyA),

vi) 'Gb'f'vu:r@s}vﬂ =" (VyA),
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vif) o (X®@E)=0,
viif) P "X =0,
ix) Pz A =0,

where E € S%[M] be a nowhere zero vector field on M, ¥ (X & E) is the vertical
lift of X with respect to E for any X € FL(M) and E =g o E € I7(M)the
horizontal lifts X € FA(TIM) of X € 33(M) and the vertical lift
YA € FY(TIM) of A € 31(M) defined by (1.10),(1.11), respectively.
Proof.
i) @pHx"Y = —(Lu,F)FX
= —Lu,FEX + FLu, "X
= —L8,Y (X ® E) + FIX.Y] + (7 — Y)R(X, V)
=="((VX)® E)-"(X ® VyE)
+((Lx)®E)+ (F—¥)R(X.Y)
= —"((VX)® E)+7((LxY) ® E)
V(X ® g VyE]) + (¥ —V)R(X.Y)
i) Gbrv.:Y@E}HX = —(LEzF)"(Y @ E)
=—LHy,FY(YQ E)+FLu," (YR E)
=—Lu Y+ FY(V,Y R E)
= —H(LyY) — (F — VIR(X,Y)+7(V,Y)
+F7(Y @ g » (V4E)])
= —F (L) +H(VxY) — (¥ —V)R(XY)
+'(Y @ g o (VzE)])
) pev vy (X @ E) = (L7 (zgpeyF)'(¥ @ B)
= —LVizanF (Y®E)+ FLV 32" (Y ® E)
=" (VyX) ® E)+' (X ® g = (VyE)])
®) Gpry " (X Q@ E) = ~(LV ey )*Y
=-L FI:XIEIE}FHF + F(L FI:X[E]E'}HY]
=—F'((VwX) @E+X® ((Vyg) °E + g » (VyE)))
= —#(VX)—"(X ® (g (VyE)))
v) ¢ou,YA =—(Lv,F)HY
=—Lv,"(Y @ E)—F¥(V,4)
= —"(Vy4)
vi) S vory A = —(LyyF)' (Y ® E)
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=—Lv,FY(Y®E)+ FLv,"(Y < E)
=—Lv, Ay
=" (Vy4)
Vi) g’ (X @ E) = —(LVzge)F)'B
=—LVygaF'B+FLVygn"B
=0
viii) @75 X =—(LuyF)'B
=—Lu,F'B+FLu,"B
= =" (VxB)+"(V4B)
=0
ix) ¢rvs A= —(Lv,F)'B
=—Lv,F'B+ FLv,"B
=—Lv,"B
=0
2.4. Vishnevskii operators applied to " X and ¥ A According to an Almost Paracomplex
Structure F on T (M)

Definition 2.4 Suppose now that V¥ is a linear connection on M, and let ¢ € Eii[:M:]. We
can replace the condition d] of defination 6 by

I
d ) Ypx¥ =VprV —@Vi¥
forany X, ¥ € E'jé (M] Then we can consider a new operator by a Vishnevskii operator
=

or Y, —operator on M, we shall mean a map i, : 3(M) — I (M), which satisfies

v
conditions @), &), €}, €) of definition 6 and the condition (& ) [10].
Let w € 555 (M). Using Definition 7, we have
(Ypw)(X.Y) = (Y zw)¥ @.7)
= (0X) (1y@) = X (1) — @ (Vpr ¥ — @(V4 7))
= (?lpxm —Vxl(we @])Y
forany X, ¥ € Sé[M],where (we @)Y = w(@Y). From (2.7) we see that
mxw = ?mﬁi’m _?X(CGD 9:":]
isa 1 —form [10].

Theorem 2.5 Let F be an almost paracomplex structure on T (M)ie, F* = I and 15 be
the Vishnevskii operator, defined by Definition 7, then we get the following results
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D) Ve’ (X ®E) =V (7,X) @ E)+'(X ® (g° (V,E)))
i) e’ (X ®E) = (9,0)-" (X ® (g° (VyE))).

i) Ut irpe A= (V)

iv) %ﬁpvqr@ﬁ'};{x =H (VyX),

v et X = 7 (7, %) @ B),
vi) e,V A = =V (7, 4),

vii) Yy X =0,

viti) werg" A =0,

ix) Y (X ®E) =0,
where E € FL(M) be a nowhere zero vector field on M, V(X & E) is the vertical
lift of X with respect to E for any X € F3(M) and E = g o E € I](M),the
horizontal lifts X € IR(TSM) of X € J5(M) and the vertical lift
YA € FY(TIM) of A € 31(M) defined by (1.10),(1.11), respectively.
Proof.
L) From Definition 3, we get
V'ren X @ E) =" Vevyes (X® E) —FiVryen (X @ E)
=Hvu,V(X® E)
= (VX)) ®E+XQ (Vyg) o E +g 2 (VyE)])
=" (W) @E)+' (X @ (g° (Vv E)))
i) You,¥ (X @ B) =" Ve,V (X @ B) — F¥Va," (X @ E)
—H Ve (X @ B) = FY(V,(X @ E))
= —"(VyX) —F'(X @ ((Vyg) °E + g = (VyE)))
=7 (VyX)-"(X ® (g° (VyE)))
HE) v yoey A =" Ve¥ ey A — FAVI ygg) 4
=f va,"4
=" (Vy4)
) Yiv voe) "X =" Vet yen) "X — FHVyep) "X
=" vu, X
=% (VyX)
v) Yy X = Vphy B X — FRVE X
=" Vviyge) "X — FH(VyX)
=—"((VvX) ® E)
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vi) ou VA =H vuVA— FEVu VA
=" Vv ygey A—F"(V,A)
= —"(Vy4)

vii) wFVBHX _H ?FvEHX _ FHy vBHX
=F Vv fx —FRvv X
=0

viif) ¢Fvﬂvﬂ _H ?F"’Bvﬂ _ FHy vE'"'A
=Hyr, V4
=0

i) Yevs" (X @ E) =" V" (X @ E) - FHVv " (X ® E)
=H vy V(X ® E)
=0

3. CONCLUSION

In this paper, firstly, we study integrability conditions by calculating the Nijenhuis Tensors of

almost paracomplex structure F' on (1,1] —Tensor Bundle. Later, we obtain the Lie
derivatives applied to Sasakian metrics with respect to the horizontal and vertical lifts of vector
and kovector fields, respectively. Finally, we get the results of Tachibana and Vishnevskii

operators applied to horizontal and vertical lifts according to structure F on (Llj —Tensor
Bundle Tll(M].
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