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ABSTRACT

In this manuscript, a new identity for functions defined on an open invex subset of set of real numbers is
established. We present new type integral inequalities for functions whose powers of nth derivatives in
absolute value are preinvex and prequasiinvex functions. This paper is a generalization of studies being done
for functions whose first, second, third and fourth derivatives are preinvex and prequasiinvex. Moreover, the
results we obtained in this article coincide with the previous ones in special cases.
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1. PRELIMINARIES AND FUNDAMENTALS

Definition 1. A function f: 1 € R — R is said to be convex if the inequality

fiex+ A -0y <tf()+ A -0f )
is valid for all x,y € I and ¢t € [0,1]. If this inequality reverses, then f is said to be concave
on interval I # 2.
Convexity theory has appeared as a powerful technique to study a wide class of unrelated
problems in pure and applied sciences.

Definition 2. f:1 € R = R be a convex function on the interval I of real numbers and a,b € I
with a < b. The following celebrated double inequality

f(@)+f(b)
2 2
is well known in the literature as Hermite-Hadamard'’s inequality for convex functions.
Both inequalities hold in the reserved direction if f is concave. Some of the classical
inequalities for means can be derived from Hermite-Hadamard inequality for particular choices of
the function f.

Definition 3. A function f: 1 € R — R is said to be quasi-convex if the inequality

f (a * b) < ﬁif(x)dx <
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flex + (1 = t)y) < max{f(x), f ()}

holds for all x,y € I and t € [0,1].

Clearly, any convex function is a quasi-convex function. Furthermore, there exist quasi-
convex functions which are not convex [5].

Let us recall the notions of preinvexity and prequasiinvexity which are signicant
generalizations of the notions of convexity and qusi-convexity respectively, and some related
results.

Definition 4. Let K be a non-empty subset in R™ and : K X K = R™. Let x € K, then the set K
is said to be invex at x with respect to n(-,-), if x + tn(y,x) € K,Vx,y € Kt € [0,1]. K is said to
be an invex set with respect to if K is invex at each x € K. The invex set K is also called n-
connected set.

Note that, if we demand that y should be an end point of the path for every pair of points
x,y € K, then n(y,x) = y — x, and consequently invexity reduces to convexity. Thus, it is true
that every convex set is also an invex set with respect to n(y, x) = y — x, but the converse is not
necessarily true, see [14, 18] and the references therein. For the sake of simplicity, we always
assume that K = [x,x + tn(y, x)], unless otherwise specified [1].

Definition 5. [17] A function f: K — R on an invex set K € R is said to be preinvex with respect
ton, if
flu+tnv,w) <A -t)fW) +tf(v),Yu,v €K, t € [0,1].
The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map n(y,x) = x —
y but the converse is not true see for instance.

Definition 6. [2] A function f: K — R on an invex set K € R is said to be prequasiinvex with
respect to n, if
fw+ tm@,w) <max{f(w),f®)},vu,v €K, t € [0,1].
Also every quasi-convex function is a prequasiinvex with respect to the map n(v,u) =v —u

but the converse does not hold, see for example [2].
Mohan and Neogy [14] introduced Condition C defined as follows:

Definition 7. [14] Let S € R be an open invex subset with respect to the map : S x S - R. We
say that the function satisfies the Condition C if, for any x,y € S and any t € [0,1],

n(y.y +tnxy) = —tn(x,y) 1.1)
n(xy +tmx,y) = (1 - Onlx,y). (1.2)

Note that, from the Condition C, we have n(y + t,n(x, )y, y +tin(x,y)) = (t, —
t)n(x,y) forany x,y € S and any t,, t, € [0,1].

Many mathematicians have been studying about preinvexity and types of preinvexity. A lot of
researchs have been made by many mathematicians to generalize the classical convexity. These
studies include, among others, the work of [4, 16, 17, 19]. In this papers have been studied the
basic properties of the preinvex functions and their role in optimization, variational inequalities
and equilibrium problems.

Noor has obtained the following Hermite-Hadamard type inequalities for the preinvex
functions [15].

Theorem 1. [15] Let f:[a,a + n(b,a)] — (0,) be a preinvex function on the interval of the
real numbers K° (the interior of K) and a,b € K° with n(b,a) > 0. Then the following
inequalities holds

2a+n(b, 1 +n(b,a) (a)+f(b)
f(BRD) < s [0 playdx < LTI (1.3)
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For several recent results on inequalities for preinvex and prequasiinvex functions which are
connected to (1.3), we refer the interested reader to [3, 6, 12, 13] and the references therein.
Let 0 < a < b, throughout this paper we will use

a+b

A= A(a,b) =
bp+1 _ ap+1
Lp(a,b) = ((p DG -®

for the arithmetic and generalized logarithmic mean, respectively. Moreover, for shortness,
the following notations will be used:

P
) ,a#*bp€ER, p+*-10

5(n) = 6(a,b,n) = a+ "UZ D s =S =a+ t”(i' 2)
n —1)k-1pk-1(p, b,
Ir(a,b,n): = kzl ( )(k i 1)!( ) <a + W(ka)) f%D(a + tn(b,a)) — af (a)
- a+n(b,a)
—f fo)dx

In this paper, using a general integral identity for a n-times differentiable functions, we
establish some new type integral inequalities for mappings whose nth derivative in absolute value
at certain powers are preinvex and prequasiinvex.

2. MAIN RESULTS FOR OUR LEMMA

We will use the following Lemma for obtain our main results about the generalisation of the
integral inequalities related to preinvexity and prequasiinvexity.

Lemma 1. Let K < R be an open invex subset with respect to mapping n(:,-):K XK > R,n € N
and a,b € K with n(b,a) > 0. Suppose that the function f:K — R is a n-times differentiable
function on K such that f™ € L[a, a + n(b, a)]. Then the following identity hold:

by S (0 + 200 D@k (b ) - af @ - 1TV feodx @)
1 n-1 b,
= (—1)""n"(b, a)fo (nt_ i (a + t"(n a))f(")(a + tn(b, a))dt.

Proof. To prove, we shall use the induction method. For n = 1, by integration by parts and
changing the variable, we have

a+n(b,a)
(a+1(b,@)f(a+n(b,a) - af (@) — f f()dx

1
=n(b, a)f (a+tnb,a))f' (a+ tn(b,a))dt.
0

This coincides with the equality (2.1) for n = 1. Suppose (2.1) holds for n = m. That is,

i (~D* k"1 (b, ) (a PRICH)
VA CESV] k

= (—_1)m‘1nm(b,a) fol — (a + t%) f™(a+ tn(b,a))dt. (2.2)

Using the integration by parts in the right hand side of (2.2) we get

a+n(b,a)
)¢ mba)-af@- [ feods

tm—l
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- ) Jo Gy (@4 £252) £ (a + (b, @)t 9
_ D m! (ba) (a“nrfz))f(m)(wrn,(b,a))

1t™ b,
+(=1)" (b, a) [y (@ + t222) FOD (@ + (b, @)
Substituting (2.3) in (2.2) we obtain

Mo aNk—1,k-1 b, b, arnb.a)
> E S @+ 1) et —ar@ - [ fads

a

:M<Q+ P2) reo(a+ ente, )

m!

+H=1)mm (b a) [ (a + t"(” 104) pon+D(q + tn(b, @),

that is,
m+1
1 ok b, b, a+n(b,a)
z (-1) Z! (b, a) (a +17(ka)>f(k)(a + (b, @) — af (a) _f f(x)dx
k=1 ‘

1:m b
= (=1)™y™*1(b, @) fo %(a Zr(z+a1)> £ (g 4 (b, @))dt.

Theorem 2. Let K < R be an open invex subset with respect to mapping n(-,-): K x K - R and
a,b € K with n(b,a) > 0. Suppose that f: K — R is a n-times differentiable function on K such

that f™ € L[a,a + n(b,@)]. If |f™|" is preinvex on K for ¢ > 1, then the following holds:

|1 (a,b,m)| < ”""—"“’“)[lfw(bn Cin(a,b) + |f™ (@) Cyp (a, b)] (24)
(m-D![(n-1)p+1]P

where

7(b,a) [LZﬂ@(n)' a) —all(6(m),a)], a>0,8(n) >0,

Cona,b,m): = { 1800 + alLET (6, —a) = 2= ACEMIT, ()T, < 0,8(n) > 0,

l—m [LE33 (—a,—8(n) + aL(~a,~5(m))],a < 0,6(n) < 0.
(- DT (), @) — SMLL(E(), )], > 0,8(n) > 0,
Can(a,b,n): = { =[8(0) + alLE}3 (5(m), —a) + 2 ATE ]I, (~) 1), a < 0,6(n) > O,

1O LI+ (—a,—8(m)) + S(m)LY(—a, ()], a < 0,8(n) < 0.

Proof. If |f®™|? for g > 1 is preinvex on [, a + n(b,a)], using Lemma 1, the Holder integral
inequality and

If™(a+tnb,a)|* < t|fPm)|* + 1 - lf® @)’
we get
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n"(b.a)
(e, b,m)| < T2

n"(b,a)

<TE2(J, t<n-1>vdt)" (f3 16:@19|f™ (a + tn (b, a))|th)5
n"(b,a)

T2 (fy o-wae) (12 18,1l OB + (1 - 0] O @[ Jac)"

n(p,
- PO (e [ dsmid+O@] [ a-osmie)

n—D!'[(n—Dp+ 1]1’

f " 18, ()| ™ (a + tn(b, a))|dt

1

n"(b.a)

 -Dl-nprl
1

n?|f@w)|* s q n?f™@|’ s _ a7 )
x( o S (x—a)lx|9dx + oD J, T (6() — x)|x|%dx
1

= M(lﬂm(ml ;7 (= @lxladx + @ @) [7™ () - 0)lx]7dx)?
(n-D![(n-Dp+1]P )
= "q”—q(ba)“f(n)(bﬂ Cin(ab) + |f(")(a)| Can(a, b)]
(-D![(n-Dp+1]P
Corollary 1. Suppose that all the assumptions of Theorem 2 are satisfied. If we choose n(b,a) =

b — a then when |f(")|q is convex on K for g > 1 we obtain following inequality:

2
= n-1-=
‘If;a_ban)I < qu(b - (1) [lf(n)(b)l Cl(a b, Tl) + |f(n)(a)| Cz(a b, Tl)]
(n=D!@n-Dp+1]p
where
Ci(a,b,n)
b—af[ 41 /(m—1a+b (n—1a+b
i =) et ()]
(n—1a+b
a> 0’—n >0,
@2n—1)a+b] g4 (m—1Da+b 2a (n—l)a+bq+1 .
_ [ n ]LZ“( n ,—a) qg+1 <[ ] Ca)f 1>'
n—=1a+b
a< 0'—11 >0,
b—ay .4 n—=1a+b n—1Da+b
T n [LZQ ( @ n ) +alg (—a, B n )]'
n—Da+b
a< O,# <0
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[LZ:i ((n 1)a+b ) 5( )Lq ((n 1)a+b‘a)]‘

a> 0 w > 0
) n )

(@n-1a+b] ;q+1 ((n-1)a+b ) 2 [(n—l)u+b]

[ n ]Lqﬂ( 4 +q+1 n

Cy(a,b,n) = _ a+ _
%< A ([(n 1n)a+b] ‘(_a)q+1)‘a <0,® 173a+b >0,

[LZii( a, (n—lrfa+b) + (n— 1)a+b Lq ( (n—1n)a+b)]‘

0, (n—1)a+b <0.
n

Remark 1. If the mapping 7 satisfies condition C then by use of the preinvexity of [f™|? we
obtain following inequality for every t € [0,1]:
If®(a+ tn(b,a)|* = |[f™(a+nb,a) + (1 - O)nla,a +nb,a))|’
<tlf™(a+nba)|*+ 1 -0|f™w@)|". (2.5)
If we use (2.5) in the proof of Theorem 2, then (2.4) becomes the following inequality:

2 2
an"q
I(a,b,n) < —CD L[| (a + (b, @))|" Cyy(a, b) + | (@)]Cry e, b)] (2.6)
(n-D![(n-1)p+1]P
We note that by use of the preinvexity of |f™|* we get |f™(a +n(b,a))|" < |[F™®)|".
Therefore, the inequality (2.6) is better than the inequality (2.4).
Remark 2. The following results are remarkable for the Theorem 2.
i. The results obtained in this paper reduces to the results of [9] for n = 1.
ii. The results obtained in this paper reduces to the results of [8] for n = 2.
iii. The results obtained in this paper reduces to the results of [10] for n = 3.
iv. The results obtained in this paper reduces to the results of [7] for n = 4.

Theorem 3. Let K < R be an open invex subset with respect to mapping n(-,-): K x K - R and
a,b € K with n(b,a) > 0. Suppose that f: K — R is a n-times differentiable function on K such

that £ € L[a,a + (b, @)]. If |[f™|% is preinvex on K for g > 1, then the following holds:

" P(ba) ( (5 » [(-Da+1]|f P @) +|r P @)|* q
|Is(a,b,m)| < (n-1)! (f |x[Pdx ) [(n-Dg+1][(n-1)q+2] @2.7)
where
b,a
( ML’,’,(a(n), @), a>0,8(n) >0,

C3p(a,b) = pLA ((6(n))p i (= a)p”) a<0,6(n) >0,

L1’](17 a) (_ _5(n)) a<0,6(n) <0.

Proof. If |f(")|q for g > 1 is preinvex on [a,a + n(b, a)], using Lemma 1, the Holder integral
inequality and |£™ (a + tn(b,a))|* < t|f™B)|" + (1 - ©)|f™ (a)|", we obtain the following
inequality:

b,
7@ b,m)| < LC2 1‘)‘3f £ 18, mI|f ™ (a + tn (b, @) de

1

< T8 (1 5, (17 <0l nth e’

(n—-1)!
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<109 (folllat(nw)% (fy e[| f )| + (1 - t)If(")(a)Iq]dt)% 1

(fol |6t(n)|p)5(|f(n)(b)|q fl t(n_l)q+1dt+ |f(n)(a)|q J-Ol (t(n—l)q _ t(n—l)q+1)dt)3

1

_ m(rxn) Ix|Pdax ) IO )(b))? + |f(n)(a)| ( 1 )]q
a

(n—-1)! (n— 1)q+2 (n— 1)q+1 (n 1)q+2

_n"®a
(n—-1)!

1 1
_ P P0a) (8 | [(n-Da+1lF D @) +f W @|*|a
R (f lxPdx ) [(n-1D)g+1][(n-1)q+2]

Corollary 2. Suppose that all the assumptions of Theorem 3 are satisfied. If we choose n(b,a) =
b — a then when |f(")|q is convex on K for g > 1 we have the following inequality:

1

@b _ oo 2 lepdx) =D+l )| 4P @| o

b-a | — (n—-1)! [(m-1)g+1][(n-1)q+2] ’
where
bnal‘zz;(@'a)' a>0'%>0,
2 (n-1a+b\P+1 ey (n—1)a+b
Cylab) = {2 ((B22)" (—aptt) @ < 0,800 5 ,
b;aLg (_a,_ ((n—l)a+b)>' a<o, (n—1)a+b < 0.
n n n

Remark 3. If the mapping n satisfies condition C then using the inequality (2.5) in the proof of
Theorem 3, then the inequality (2.7) becomes the following inequality:

1 1
n" D _ (n) n)
|If(a b 77)l < nPn P(b,a) (fd(n)l |pd ? [[((n-Dq+1]|f ™ (a+n(®, a))| +|f (a)|

(n-1)! [(n-1)q+1][(n-1)q+2] (28)

We note that by use of the preinvexity of |f™|? we get [f™ (a + n(b, a))|q < [F™ ).
Therefore, the inequality (2.8) is better than the inequality (2.7).
Remark 4. The following results are remarkable for the Theorem 3.

i. The results obtained in this paper reduces to the results of [9] for n = 1.

ii. The results obtained in this paper reduces to the results of [8] for n = 2.
iii. The results obtained in this paper reduces to the results of [10] for n = 3.
iv. The results obtained in this paper reduces to the results of [7] for n = 4.

Theorem 4. Let K € R be an open invex subset with respect to mapping n(-,-): K X K - R and
a,b € K with n(b,a) > 0. Suppose that f: K — R is a n-times differentiable function on K such

that f™ € L[a,a + n(b a)l. If |f(")| is preinvex on K for g > 1, then the following holds

lip(a, b < = 1),17 G, a)Dl,f(a DY [IF ™ B)|* Doy, b) + |f™(@)] Dy (g, b)] (29)

where

( (b,a ) n(b,a)+(n+1)a

n nn+1)

, a>0,8n)>0

L (b,a n(b,a)+(n+1)a (—a)n*t
Dy y(a,b): = { (> ) 420 ,a<0,6m) >0

k_ (n(b,a))n n(b,a)+(n+1)a

n n(n+1)

, a<0,6n)<0
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(o)™ e 0o >0
Der(a = §(02)"" SR 2 L e <05 >0
- ( b, a))”“ (n+17>lr(z$ f))(ti(:;m' a<0,86n)<0
(n(l; a)) n;?:j:)(g;zz))a a>0,6n)>0
N
_ (n(:a))"“ ",5'5;1“35‘311?)“' a<0,6(n)<0.

Proof. Using Lemma 1 and Power-mean integral inequality, we obtain

[ (a, b,m)| < L en=t |6, ()| £ (@ + (b, )]
1 1
<TOD (1 en-is,(mylde) 7 (fy e8I (@ + (b, a)|“de)"

"(b.a)

<TLO(f) t”‘1|6t(n)|dt)l_%(f0 £"18, ()] [ f(n>(b)| + 1= D|f™(a)] ]dt)

"(b,a)
=T (1 15, (mldt)

< (IFfm®|" fy 5. mlde + [FP @] f) 1@ - 016, (m)lde )?
_ n"(ba) n" 12 ntt % §(n) _ 1-
T (-1 ( (b, a)) ! (11”+1(b a)) (fa (x—a)" 1ledx) ‘

x (Irom|* 17" a)”lxldx+|f(n)( | [, (x

Q=

—a)*[§(n) — x]IxIdx)

7o, ([0 (- oy txdax)

(n 1)'

ESTE

s(n) s(n)
x (|f<">(b)|" f (x — )" xldx + [f® (@) f (x — )" [5(n) — x]|x|dx)

= 2 i, @D B[O Da @ b) + @) Daya D

Corollary 3. Suppose that all the assumptions of Theorem 3 are satisfied. If we choose n(b,a) =
b — a then when |£™|? is convex on K for ¢ > 1 we get

1
I-(a,b,n) n"ta IO 1
rla, b, 1 q a q q
‘ e |SmoD @ Dy, @h) [lF ™ ®)|* Doy (a, b) + |f™(@)]*Ds (2 b)),
where
b—a\" b+na (n-1)a+b
|(( n ) nn+1)’ a>0, n >0
b—a b+na (—a)+t (n-1)a+b
Di(a,b) = 4 ( ) n(n+1) n(n+1) a<o, n >0
l a ™ b+na a<0 (n—-1)a+b <0
n n(n+1)’

536



n-Times Differentiable Preinvex and Prequasiinvex ... / Sigma J Eng & Nat Sci 37 (2), 529-540, 2019

n+1 2
(n+1)b+(n?+n-1)a (n—-1)a+b
[ n nn+1)(n+2) ’ a>0, -0
n+1 2 n+2
(n+1)b+(n?+n-1)a (—a) (n-1)a+b
Da(a,b) = i n(n+1)(n+2) (m+1)(n+2)’ 0 >0
b—a\"*1 (n+1)b+(n%+n-1)a (n-1)a+b
k ( ) nn+1)(n+2) ’ a<o, n <0
(5 )nﬂ o a> 0,870 5
n nn+1)(n+2)’ ’ n
_ b-a\"*1 p+(m+1a b-a(-a)™*! (—a)n+2 (n-1)a+b
Ds(a,b) = (_) n(n+1)(n+2) n n(n+l) (m+Dn+2)’ 0——>0
b-a\"1 b+(n+Da (n-1)a+b
- (T) D (n+2)’ a<o, L

Remark 5. If the mapping 7 satisfies condition C then using the inequality (2.5) in the proof of
Theorem 4, then the inequality (2.9) becomes the following inequality:

n +1 1 1-1 1
lIp(a,b,m)| < Z5m 9(b, @)D, , " (@, b) [ | (B)| "Dz (@ b) + |f (@) D3, D], (210)

We note that by use of the preinvexity of |f™|? we get |f ™ (a + n(b,a))|" < |[F™ ®)|".
Therefore, the inequality (2.10) is better than the inequality (2.9).
Corollary 4. If we take g = 1 in Theorem 4, then we have the following inequality:

n+1
i@ b < =17 B, D[|f P B[z (@ b) + ™ (@)[Ds (@, b)]:

Remark 6. The following results are remarkable for the Theorem 4.

i. The results obtained in this paper reduces to the results of [9] for n = 1.

ii. The results obtained in this paper reduces to the results of [8] for n = 2.
iii. The results obtained in this paper reduces to the results of [10] for n = 3.
iv. The results obtained in this paper reduces to the results of [7] for n = 4.

Theorem 5. Let K € R be an open invex subset with respect to mapping n(-,-): K X K - R and
a,b € K with n(b, a) > 0. Suppose that the function f: K — R is a n-times differentiable function

on K such that f™ € Lla,a +n(b,a)]. If |f™| is prequasiinvex on K for ¢ > 1, then the
following inequality holds:

|Is (a, b,m)| Snﬁq"'ﬁ(b,a)[ ! ] max{|f(")(a)| [F™b)| } C"(q,a b) (2.11)

(n-1)! (n-1)p+1
where

"(b 9 P21 6m, e, a>0,6(n) >0,

Cy(q.a,b):= %A[(&(n))q“, (—a)*1],a < 0,6(n) > 0,
Tl(b a)

Li(=a,—86(n)), a<0,8(n)<0.

Proof. If |f™|" for g > 1 is prequasiinvex on [a,a + 7(b, )], using Lemma 1, the Holder
integral inequality and

[F™ @+ (b, )| < max{|f® @], |f™®)|’}

we obtain
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|ir(a,b,m)| < (n(bl‘)l,)f "1 18| ™ (a + tn(b, a))|dt

<0 ([ gm0 (12 (5,191 + ench,a)|ae )

(n-1)!

1 1
<o) t(n_l)pdt)p(f |5t(n)|qmax{|f(")(a)| |f(")(b)|q}dt)q
n"0.a)
(n 1)' [(n 1)p+1] max{ f(n)(a)l |f(n)(b)| } ( |6t(n)|th) N
_ n‘lr]n q(b a) S(n)
T o [(n 1)p+1] max{ rO@f F o) } (% |x|qu)
) {0 @[, [0 Cla,0,b)

Corollary 5. Suppose that all the assumptions of Theorem 5 are satisfied. If we choose n(b,a) =
b — a then when |f™| is prequasiinvex on K for g > 1 we have

1

1 n- 1 1
Ir(a,b,n)| _ni(b-a) max{|f(")(a)| |rm™ (b)|Q}E Cg(q, a,b)

b—a |S (n—1) [(n—l)p+1]

where
{n(b,a) LZ ((n—l)a+b‘a)' a>0, (n-1)a+b >0,
n n n
_J 2 (n-1)a+b\1*1 _Ng+1 (n-1)a+b
C@ab) = 24| (@22 (—a)et] 0 < 0,200 5 o,
b;aLZ (_a’ _ (n—1)a+b)’ a<o0, (n—-1)a+b <0.
n n n

Remark 7. If the mapping 7 satisfies condition C then by use of the prequasiinvexity of |f(”)|q
we get

|f(”)(a + tn(b, a))|q = |f(")(a +n(b,a)+ (1 —t)n(a,a+nb, a)))|q

< max{|f(n)(a)|q, |f™ (a +n(b, a))|q} (2.12)

for every t € [0,1]. If we use (2.12) in the proof of Theorem 5, then the inequality (2.11)
becomes the following inequality:

|1 (a, b, m)|
1,1 1 11
< nqzn_‘;(ﬁ'a) [(n_11)p+1]p max {|f(")(a)|q, |f™ (a+n(, a))|q}q C,(q,a,b) (2.13)

We note that by use of the prequasiinvexity of |f(")|q we have

™ (a+nb,a)|" < max{|f™®@)|", [f"(a+nb,a)|"}.
Therefore, the inequality (2.13) is better than the inequality (2.11).
Remark 8. The following results are remarkable for the Theorem 5.

i. The results obtained in this paper reduces to the results of [9] for n = 1.
ii. The results obtained in this paper reduces to the results of [8] for n = 2.
iii. The results obtained in this paper reduces to the results of [10] for n = 3.
iv. The results obtained in this paper reduces to the results of [11] for n = 4.

Theorem 6. Let K R be an open invex subset with respect to mapping (:,-): K x K - R and
a,b € K with n(b, a) > 0. Suppose that the function f: K — R is a n-times differentiable function
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on K such that f™ € Lla,a + (b, a)]. If |f®™| is prequasiinvex on K for ¢ > 1, then the
following inequality holds:

lip(a,b,m)| < 25 (max{[F ™ @)%, [ F™ )| *})" D (a, ) (2.14)

where

[(n(b, a))n nb,a) + (n+ Da

n nn+ 1) , a>0,6n)>0
b‘ n b‘ 1 A \n+1
Dy, (a,b):= 4(77(71“)) n 6:1)(:4(-711;_ )a 7(1(:1_ 1),a <0,6(n) >0,
i n(b,a\"n(b,a) + (n + Da
t_( n ) nn+1) ’ @<0,6(n)<0

Proof. From Lemma 1 and Power-mean integral inequality, we obtain

b,
7@ b,m)| < TES [1 en=1 |6, (a + tn (b, @))]de

<O ([} et |st(n)|dt) "(f; 218, ()| f 0 (@ + (b, )| *de ) 1
<TOD ([ nt |s,(lde) (F t"-l|6t<n>|max{|f<”>(a)|‘*,|f<n>(b)|q}dt)5
_ 1"

1L (max{|f ™ (@), [F ™ )] }) 1 18, (lde
= 2= (max{|F @] | F )| }) 2 (x — ayr1xldx
= - 1),(max{|f(")(a)| |f™®)| })qDl,,,(a, b).

Corollary 6. Suppose that all the assumptions of Theorem 6 are satisfied. If we choose n(b,a) =
b — a then when ™| is prequasiinvex on K for q > 1 we have

Ir@bm| _n"(b-a)? q e
(m (€] q
R o (A Tty s
where
(b—a)" b +na >0(n—1)a+b>0
n nn+1)’ a=" n
b—a\" b+ _g\nt+1 —Da+b
Dy(a,b) = ( a) na_ (—a) a ’%>0
n nn+1) nn+1) n
b—a\" b+na n—1a+b
( ) <0 <0
n nn+1)’ as® n

Remark 9. If we use the inequality (2.12) in the proof of Theorem 6, then (2.14) becomes the
following inequality:

1

n" q a\q
|I:(a,b,m)| < m(max{lf(n)(a)l AF™ (@ +n,a)|*})? Dy (a b).
This inequality is better than the inequality (2.14).
Corollary 7. If we take g = 1 in Theorem 7, then we have the following inequality:

|Ir(a, b,m)| < (n'i)!maxﬂ F™ @), |f™ ®B)]}D1y(a b).
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Remark 10. The following results are remarkable for the Theorem 6.

i. The results obtained in this paper reduces to the results of [9] for n = 1.
ii. The results obtained in this paper reduces to the results of [8] for n = 2.
iii. The results obtained in this paper reduces to the results of [10] for n = 3.
iv. The results obtained in this paper reduces to the results of [11] for n = 4.
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