Sigma J Eng & Nat Sci 10 (2), 2019, 193-199

Publications Prepared for the Sigma Journal of Engineering and Natural Sciences Sibma
Publications Prepared for the ICOMAA 2019 - International Conference on o
Mathematical Advances and Applications ’%‘dev(
Special Issue was published by reviewing extended papers

Research Article
A NEW ALMOST SEQUENCE SPACE OF ORDER g

Ekrem SAVAS*

YUsak Universty, Department of Mathematics, USAK; ORCID:0000-0003-2135-3094

Received: 01.08.2019 Revised: 03.10.2019 Accepted: 11.11.2019

ABSTRACT

In this paper we introduce and study some properties of the new sequence space of order ﬂ which is defined

using almost convergence and the modulus function. Further, some connections between strong vf (B, f,M))

- almost summability of sequences and A — strong almost convergence of order ﬂ with respect to a
modulus are studied.
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1. INTRODUCTION AND BACKGROUND

Let S denote the set of all real and complex sequences X = (Xk). By |OO and C, we
denote the Banach spaces of bounded and convergent sequences X=(Xk) normed by

|| X ||: sup, | X, | respectively. A linear functional » on |OO is said to be a Banach limit if it
has the following properties:

1) y(x)=0ifn>0 (e X, =0 foran n),
2) y(e)=1wheree=(11..),
3) y(DX) = y(X) , where the shift operator D is defined by D(X,) ={X, ., }

Let B be the set of all Banach limits on | . A sequence X € £ is said to be almost

convergent if all of its Banach limits coincide. Let ¢ denote the space of almost convergent
sequences .
Lorentz [4] has shown that
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c= ix el : limt,  (x)exsts uniformly in n}
o,
where

Xy + Xyug + Xopo 70 F X

tm,n(x) = m+1

Maddox [5]introduced the space [C] of strongly almost convergent sequence as follows:
[€] = ix el, @ limt . (| x—LJ[) =0, uniformly in n, for some L}
mm

n+1l

Let A =(4,) be anon-decreasing sequence of positive numbers tending to oo such that
A SA+LA =1

i+1
The collection of such sequence A will be denoted by A.
The generalized de la Valée-Poussin mean is defined by

Ti(X):%ZXk

where |, =[1—A +1,i]. A sequence X = (X, ) is said to be (V, 1) -summable to a
number L, if T; (X) > Lasi — oo (see [7]).

The space [\/ ) ﬂ,] of A -strongly convergent sequences was introduced by Malkowsky and
Savas [7] as follows:

W,/I]:{x:(xk): Iiirn;ti2|xk —L|=0, forsome L}.

i kel;

Note that in the special case where A, =1, the space [V, A] reduces the space W of

strongly Cesaro summable sequences which is defined by
i

1
W={X=(Xk)2 Ilgn?2| X, —L[) =0, for some L}.

k=1
More results on A -strong convergence can be seen from [8, 12, 13, 14,15].

Following Ruckle [10], a modulus function M is a function from [0, 0) to [0,0) such
that

(i M(x) =0 ifandonlyif X=0,

(i) M(X+Yy) <M (X)+ M(y) forall X,y >0,
(i) M increasing,

(iv) M is continuous from the right at zero.

Maddox [6] introduced and examined some properties of the sequence spaces W, (M)
W(M) and W_ (M) defined using a modulus M , which generalized the well-known spaces

W,, W and W_ of strongly summable sequences.
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In 1999, E. Savas [11] defined the class of sequences, which are strongly almost Cesaro
summable with respect to modulus, as follows:

[E(M, p)]= {x o lim 1ZM (| Xc.,, — L D™ =0, for some L, uniformly in m}
" Nio

and
R L1 . .
[E(M, p)], :{x :lim=> M(| X,., ) ™ =0, uniformly in m}.
"oNia

where P = (P, ) is asequence of strictly positive real numbers and M be a modulus.

Waszak [16] defined the lacunary strong (A, f) —convergence with respect to a modulus
function.

If X=(X,) isasequenceand B = (D, ) is an infinite matrix, then BX is the sequence
whose Nth term is given by B (X) = > 4D, X, . Thus we say that X is B -summable to
L if lim,, B,(X)=L.Let X and Y be two sequence spaces and B =(b,,) an
infinite matrix. If for each X € X the series B, (X) =25 oD, X, converges for each N and
the sequence BX =B, (X) €Y wesay that B maps X into Y . By (X,Y) we denote the
set of all matrices which maps X into Y , and in addition if the limit is preserved then we
denote the class of such matrices by (X,Y) -

Let B= (bnk) be a nonnegative regular matrix summability method. Connor [3] further
extended Maddox's results by giving the following definition:

Definition 1.1. Let M be a modulus and B be a nonnegative regular summability method. We
let

W(B,M):{x : IimibnkM(| X, —LJ) =0}

and

W(B,M), ={x i b, M (%, |)=o}.

k=1

Later on Nuray and Savas [9] extended Connor's results by using almost convergence as
follows:

Definition 1.2. Let M be a modulus and B be a nonnegative regular summability method. We
let

W(B,M) :{x : IimankM (| X.m —L1[) =0,for some L, uniformly in m}
"k
and
W(B,M), :{x : IimankM(| Xe.m ) =0, uniformly in m}.
"k
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By a f -function we understand a continuous non-decreasing function f (U) defined for

U=0 and such that f(0)=0, f(u)>0 ,for u>0 and f(u) >o0 as U—>00,
(see, [16] ).
A function f is said to satisfy (Az) -condition,(for all large U) if there exists constant

K >1suchthat f(2u) <Kf (u).

In the this paper, we introduce and study some properties of the almost convergence sequence
space of order ﬂ which is establish using the modulus and infinite matrix and hence as special
cases, some known results are also obtained .

2. MAIN RESULTS

Let A=(A4;) be same as above, f be given f -function and M be given modulus

function, respectively. Moreover, let B = (b, ) be the real matrix and 0 < 3 <1 be given.

) =0, uniformly in m}

If xeV/(B,f,M),, the sequence X is said to be A -strong (B, ) -almost convergent

Then we write,

vlﬁ(Bl f 7M ’ p)o {X (X ) /3 ZM qzank f (I Xk+m

] nel;

of order /3 to zero with respect to a modulus M .

If A; =], wehave

A i ki
V/(B,f,M),={x=(x): Iim.—%gZM Qank f( X D) ) =0, uniformly in m.
U ) k=1

If we take f(x) = x forall X, we write

Viﬂ(B,f,M,p)Oz X=(x): I|m/1—ZM (lZankq Xeom D) ) 0, uniformly inm

j nel;

If M (X) = X, we write

Vﬂ(B f)o— X= (Xk [ ﬁz zbnkf(lxk+m

] nel;

) =0, uniformly inm .

Ifwetake B =1 and f(X) = X respectively, then we have
VLMY, =x=(x): li ﬁZM (|xk+m) 0, uniformly in m .
] kel

Ifwetake B =1, f(X) =X and M (X) = X respectively, then we have
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\7;,ﬂ(|)={x=(xk)i i P ZIXk+m |= 0, uniformly in m}

j kel
which was defined and studied by Savas and Savag [11].
If we define the matrix B = (D, , ) as follows:

o g T N2k
T t, otherwise.

then we have,

V/(Cf M)y = x=(x): i ﬂZMQ%ifame

J nel

)-ol
We now have

Theorem 2.1. Let the f -function f (U) satisfies the condition (A,) and let the matrix has
the property
b,+b,+..<K

for N =1, 2,... Then the following conditions are true.

@ 1f x=(x)eV/(B,f,M,p) and @ is an arbitrary number, then
axeV/ (B, f,M).

b 1f X,yeV/ (B, f,M) where Xx=(x,), y=(Y,) ad a,n are given
numbers, then aX + 7y €V / (B, f,M).

proof. (a) Let XeV / (B, f,M),. First let us remark that for 0 < 7 <1 we get for all

m
Hence, if y > 1 then we may find a positive number s such that y < 2° and we obtain

7 ZM Qanqu ax., ) )
)

J nel;
) zbnk f (l Xk+m |)
k=1

ﬁzM(d
)

J nel
/3 ZM qzbnk f (l Xk+m

where d and L are constant connected with the properties of f and modulus M . Finally

we prove the condition (a).

) XM (lenk F( % ]

] nel;

ﬂ Z M (|ank f (l 7Xk+m

J nel;

J nel;
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(b) In the following let the numbers ¢, 77 and the elements X, Y €V / (B, f,M), be
given. From the part (a) it follows that the following inequality is true

1 o0
Y2 ZM ank f (l Xy T %o |) )
j k=1

)

where the constant L, and L, are defined as in (a). Hence X, Y er (B, f,M)
Now we shall prove some inclusion relations
Theorem 2.2.

ank f (l Xk+m |)

k=1

SQ%ZM(

j nelj

1 w
+L2/17 Zf qzbnk f (| X im |)
k=1

j nelj

V/(B, f)cV/(B, f,M).
Proof. Let XE\?f(B, f,M). For a given &>0 we choose 0<& <1 such that
f (X) < & forevery X [0, 5]. We can write for all im

1 ©
ﬂ_ﬂzM(lzbnkf(l Xk+m |) ) ZSl+SZ‘
k=1

j nel;

where S, = ?Znelj M (|Zf:1bnk f( X |)|) and this sum is taken over

zbnk f (l xk+m |) <6
k=1

and

)

l o0
S, z/l_ﬁz M (‘ank f( Xeom )
k=1

j nelj

and this sum is taken over

zbnk¢(| Xk+m |) > 5
k=1

By definition of the modulus M we have S, = 7 Znet, M (5) =M(5) <& and
j ]

moreover

S, =M@ ¥ by F (% D

j nelj k=1

Thus we have X €V 7 ((B, ), M) . This completes the proof.
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Theorem 23. Let M,M,, be modulus functions. Then we have

V/(B,M,, f), =V/(B, f,MoM,), .
The proof is a routine verification by using standard techniques and hence is omitted.
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