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ABSTRACT

In this paper, firstly it is defined a new class of preinvex, namely, (h, m)-preinvex. Secondly it is obtained
some algebraic properties of this class, i.e. sum, multiple etc. Finally it is proved the Hermite-Hadamard Type
Inequality for (h, m) —convex and established some new inequalities.
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1. INTRODUCTION

Invex functions theory was introduced by Hanson [1]. Then Weir and Mond [2] defined the
preinvex function. They applied the preinvex function to the establishment of the sufficient
optimality conditions and duality in nonlinear programming. After that Noor [3] proved the
Hermite-Hadamard inequality for preinvex and log-preinvex functions.

Preinvex functions are an important generalization of convex functions. And if you want to
learn more details and resources for invexity and prequasiinvex etc. you can see [4, 6], and
reference therein.

Now let we give some basic definitions and theorems.

Definition 1 : A function f:I € R — R is said to be convex if

fx+ (1A -0y) <tf(x) + A -8)f(¥)
holds for every x,y € I and t € [0,1].

Definition 2 : The following celebrated double inequality
a+b

FED <= fyde < L0 (1)

holds for convex functions and is well-known in the literature as the Hermite-Hadamard
inequality. Both the inequalities in (1.1) hold in reversed direction if f is concave.

The inequality (1.1) has been a subject of extensive research since its discovery and a number
of paper have been written providing noteworthy extensions, generalizations and refinements.
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Remark 1 : Beckenbach, a leading expert on the history and the theory of convex functions,
wrote that this inequality was proven by Hadamard in 1983 [7]. In 1974, Mitrinovic found
Hermite’s note in Mathesis [8].

Definition 3 : [9] Let s be a number, s € (0,1]. A function f:[0,00)] = [0, 0)] is said to be
s —convex(in the second sense), or that f belongs to the class K2, if
fix+ (A =0y) <t°f(x) + (1 -)°f(¥)
forall x,y € [0,0)] and t € [0,1].

Definition 4 [10] A function f:1 € R — R is said to belong to the class of Q(I) if it is nonnegative
and, for all x,y € I and t € (0,1), satisfies the inequality ;

X
fx+(A—-t)y) < f—(t ) + —{(_y)t
Definition 5 [11] The function f:[0,b] € R - R,b > 0 , is said to be m-convex , where m €
[0,1] ,if we have
fltx +m(1 = )y) <tf(x) + m(1 - )f (y)
forall x,y € [0,b] and t € [0,1]. We say that f is m-concave if -f is m-convex.
Definition 6 [12] A function,f:1 € R — R is P function or that f belongs to the class of P(D), if it
is nonnegative and for all x,y € [ and t € [0,1], satisfies the following inequality;
fltx+ A =0y) < f) + f().
Definition 7 [13] Let h:J] € R— R be a positive function. We say that fIS R— R is
h —convex function, or that f belongs to the class SX(h, 1), if is nonnegative and for all x,y € I
and t € (0,1) we have
fltx+ (A =0)y) < h(Of(x) + (A =Of ). (1.2)
If inequality (2) is reversed, then f is said to be h —concave, i.e., f € SV(h,I).
Remark 2 [13] You can see easily the following results.
« If h(t) = t, in( 1.2) then all nonnegative convex functions belong to SX(h,I
«Ifh(t) = % in.(1.2) then SX(h,I) = Q(I)
«Ifh(t) = 1, in (1.2) then SX(h,I) 2 P(I)
«Ifh(t) = t5, in (1.2) where s € (0,1), then SX(h,I) 2 K%
Definition 8 [13] Let f,g:1 € R — R be any functions. Then f and g are said to be similarly
ordered functions, if for all x,y € 1
0=<[f() = fMg™x) —g»I

In other words

fIW) +f(1g(x) = fF)g(x) + fFNgW)- (1.3)

Definition 9 [14] Let h:] € R — R be a non-negative function.We say that f:[0,b] = R is a
(h, m) —convex function, if f is non-negative and for all x,y € [0,b], m € [0,1] and t € (0,1), we
have

f(tx + m(1 — t)y) < h(t)f(x) + mh(1 — Of(y). (1.4)
If the inequality (4) is reversed, then f is said to be (h, m) —concave function on [0,b].
Remark 3 [15] You can see easily the following results.

* If we choose m = 1 in (1.4), then we obtain h —convex functions.
* If we choose h(t) = tin (1.4), then we obtain non-negative m —convex functions.
* If we choose m = 1 and h(t) = tin (1.4), then we obtain non-negative convex functions.
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* If we choose m = 1 and h(t) = 1 in (1.4), then we obtain P-functions.
* If we choose m = 1 and h(t) = % in (1.4), then we obtain Godunova-Levin functions.

 If we choose m =1 and h(t) =t° in (1.4), then we obtain s —convex functions(in the
second sense).

Definition 10 [1] Let K be a subset in R™ and 1: K x K = R™ be continuous functions. Let x € K,
then the set K is said to be invex at x with respect to n(.,.), if forall x,y € Kand t € [0,1],

x+tm(y,x) €K,

then K is said to be an invex set with respect to n if K is invex at each x € K. The invex set K
is also called an n- connected set.

Definition 11 [16] The function f: K — R on the invex set K is said to be preinvex with respect to
n, if
flu+tv,u)) < A —-vf(w) +tf(v), VvuvekK te[01]

The function f is said to be preconcave if and only if —f is preinvex.

Remark 4 It is to be noted that every convex function is preinvex with respect to the map
nv,u)=v—u

but the converse is not true. (see [2])
Definition 12 [17] Let K < R be an invex set with respect to bifunction n(.,.). Then for any
u,v€eKandte[0,1],

n(w, v+ tn(y,v)) = —tn(u,v)
nwv+tnu,v)) = 1 - t)nu,v)
Note that for every u,v € K, t4,t, € [0,1] and from Condition C, we have
N, tzn(w, v), v + t1n(w, v)) = (t — t1)n(w, v).

Definition 13 [17] Let K be an invex set in R, and let h: [0,1] — R be a nonnegative function.

Then, a function f: R — R is said to be h — preinvex function with respect to the bi-function n(:,-
), ifforall x,y € K,t € [0,1],

f(x + m(y,x)) < h(1 = Of(x) +hOf().
Definition 14 [18] The function f on the invex set K < [0,b*],b* > 0, is said to be m —preinvex
with respect to 7 if
v
flu+tmv,u)) < 1 —-f(w) + mtf(a)

holds for all u,v € K,t € [0,1] and m € (0,1]. The function f is said to be m —preconcave if
and only if -f is m- preinvex.

2. MAIN RESULT

Definition 15 Let for b* > 0, [0,b*] € R be a invex set with respect to n and h: (0,1) €] - R be
a non-negative function. Then f is said to (h, m) —preinvex function via n, if for all x,y € [0, b*],
m € [0,1]and t € (0,1)

flx+tmy,x)) < h(1—0)f(x) + mh()f(y)
the inequality holds.

Proposition 1 Let f, g are (h, m) —preinvex functions in terms of n. Then for A > 0, Afand f+ g
are (h, m) —preinvex functions.
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Proof. Since f, g are (h, m) —preinvex functions. Thus we can write for all x,y € [0,b*],b* > 0,
h: (0,1) < J = R non-negative function and for all t € (0,1), m € [0,1]
fx+tn(y, %) < h(1=0)f (x) + mh(t)f(y) (2.1)
gx+m(y,x)) < h(1-t)g(x) + mh(t)g ) (2.2)

If we add (2.1) and (2.2), then we get
fx+tn(y,x) +gx+tm(y,x) < h(1-)f(x) + mh()f(y) + h(1 = t)g(x) + mh(t)g(y)

F+9x+tn(,x) < h(1-Of(x) + g(x)] + mh(O[f(y) + 9]
=h(1 = +9)(x) + mhOF + 9 ).
Hence f + g are (h, m) —preinvex functions.
Due to A > 0, if we multiply A in (5), we have

Af(x + tn(y, %)) < Ah(1 = )f (x) + Amh()f (¥)
= h(1 - t)A(fx) + mh()Af (y)
= h(1 = )(Af)(x) + mh(O) A ).

This completes the proof.
Proposition 2 Let f and g be two (h, m) —preinvex functions with respect to . Thus their product
f.g is (h, m) —preinvex function, if f and g are similarly ordered functions and

h(1—t) + mh(t) <1.

Proof. Since f and g are (h, m) —preinvex with respect to n, (2.1) and (2.2) are hold. If we
multiply (2.1) and (2.2), we get
fx+m@y,x)gx +tmy,x) < [h(1 - 0)f () + mh(O)f ()] * [A(1 - t)g(x) + mh(t)g(y)]

(fg)(x + tn(y,x)) < K*(1 = Of (1) g (x) + mh(OHA(1 - Of ()g»)

+mh(Oh(1 = Of (g (x) + m*R*(O)f )9 ()

=h?1-)f()g() + m*R2(Of»)g») (2.3)

+[mh(©h(1 = O)f (x)g(¥) + mh(Oh(1 - O)f (¥)g(x)].

Then we can rewrite (2.3) from (1.3)

(f-9x+tn(,x) < 21 = f (0)g(x) + mh(HR( - Of ()g»)

+mh(Oh(1 - Of (g (x) + m*R2(Of g ()
=h(1 = 0[h(1 —t) + mh()]f (x)g(x)

+mh(O)[h(1 — t) + mh(O)]f () g ()
Due to h(1 — t) + mh(t) < 1, then

(FP&x +tn(y,x) < h(1 = )(f9)(x) + mh(O)(f9) (),

so the proof completes.

Proposition 3 Let h; and h, be non-negative functions defined on [0,b*] € R,b* > 0 such that
forallt € (0,1)

hi(t) < hy(2).
If fis (hy, m) —preinvex function, then f is (h,, m) —preinvex function.
Proof. Since f is (hy, m) —preinvex function,we have
fx+tn(y, %) < hi (1= )f (x) + mhy (Of ().
Due to h; (t) < h,(t), forall t € (0,1)

fx+tn(y,0) < h(1=-0f () + mhy (O (¥)
< ho(1 = O)f (x) + mha(Of (¥)

Thus fis (h,, m) —preinvex function.
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Proposition 4 Let h be a non-negative function such that for all t € (0,1)
t < h(t).
If f is a non-negative m —preinvex function on [0,b*],b* > 0 then for all x,y € [0,b*],m €
[0,1]and t € (0,1) fis (h, m) —preinvex function.
Proof. Because f is non-negative m —preinvex, we have
fGx+m@y,x) < (1-f(x) +mtf(y).
According to t < h(t), we get
fx+tmy,x)) < (A -0)f(x) +mtf(y)
<h(Q-8Ofx) +mh®)f).
Hence f is a (h, m) —preinvex function. The proof is completed.

Theorem 1 Let M € [0,b*],b* > 0 is an invex set. Let f: M — R be a m —preinvex function with
m € (0,1] and 0 < a < a + n(b, a). Let n satisfies condition (C).
If f € Ly[a,a 4+ n(b,a)], then the following inequality holds,

2a+n(b,a) 1 a+n(b,a) fFx)+mf(— =)

e rr L T

a b
< mH [f(a)+f(b) " mf(m)+f(m)]. 2.4)
4 2 2

Proof. Firstly we prove the left side of (2.4). Due to m —preinvexity of f we have for all x,y €
[0,c0) and t =~
2x +n(y,x).  f)+ mf(%)
fC ) <
2 2
If we take x = a + tn(b,a),y = a+ (1 — t)n(b,a), we deduce for all t € [0,1]
n(b,a)
) L2y

2t nba) [+ mba)+ mf (e + (11—t
2 - 2
= 2[f(a+tn(b,@)) + mf (5 + (1 - )12
Integrating over t € [0,1] we get

f(

fEEED) <51y flat tnb,a)de+m fj fGr+ (1= 020Dt
Taking into account that
fy fla+ b a)dt = o [0 f)da
and
a nba
Iy FGH =0T de = T i ™ f)dx = oo [ f(C)dx

Now, we prove the right side of (2.4).
Due to f m —preinvexity we have also for all t € [0,1]

UG @) 4G 120
<310 = Of @ +m1 = Of )+ m(1 = OF D) +m*tf D] 25)
Integrating the inequality (2.5) over t on [0,1], we deduce
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+ NP ]
1 fa+n(b a)f(x) mf (= )d < m+1 [f(a)+f(b) n mf(m) f(m)].
n(b,a)-a 4 2 2

This completes the proof.

Corollary 1 If we choose m =1 in (2.4), we obtain the following inequality of Hermite-
Hadamard type for preinvex functions [19];

2a +n(b,a) 1 et f(a)+ f(b)
f( 5 ) < 0, G)L fx)dx < —

Corollary 2 If we choose n(b,a) = b — a in (2.4), we obtain the following inequality of Hermite-
Hadamard type for m —convex functions [20];

a b
a+b 1 b)f(X)+7nf( ) m+1 f(a)+f(b) FCIH D)
[ sl = rdes T, m,

Corollary 3 If we choose n(b,a) =b —a,m = 1 in (2.4), we obtain the following inequality of

Hermite-Hadamard type for convex functions;
a+b

FEED) <= [ Fnde < LT

Theorem 2 Let f:[0,40) — R be a (h, m) —preinvex function with m € (0,1],t € [0,1]. Let n
satisfies condition (C). If 0 <a<a+mn(b,a) and fe Li[a,a+n(b,a)], then the following
inequality holds,

FEEIRD) < T 1D 1) + mp ()l @6)

b, Ay tm2 F(2
< nOUEETL TG TTCD, (1 ey,

Proof. From the definition of (h, m) —preinvex function, we can write for all x,y € [0, ), and
1

t==2,
2

FEEE) < Q) F(x) + mhG)f (2.
If we choose x = a+tn(b,a) andy = a + (1 — t)n(b, a), we get
fEIED) < hG)f (@ + ty(b, @) + mhQF (& + (1 — 5102
and integrating on t € [0,1],
Jy FEECD) < W[y fla+ tn(b,@)dt +m [ F(&+ (1 - 012D

< h(%) [fa+71(b a)f( )n(b - +m fa+11(b a)f(x) x| hG) f;m(b,a) [f (x) +mf(%)]dx

n(b,a) n(b,a)
We proved the left side of inequality.
Now we take the right side of inequality. Let we take x = a + tn(b, a) in the last inequality
and take its integrating on t € [0,1],
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a+a+n(b,a)

hd [F ) + mf G)dx < 1(b,a) f; [f(a+tn(h, ) + f& + 1L
<n(b,a) f; (h(t)f(a) (1 =0 ®)
#mJy (RO G+ mh(1 = Of )
< (b, @If (@) +mf )+ mf &) +m2 (] [y h(e)dt

h3) fa+a+r](b @) [f(x)+mf( )] b < [f(a)+mf(m)+mf( ) pm? f(mz)]f h(D)dt.

n(b,a)"a 2
The proof is completed.

Corollary 4 If we choose m =1 in (2.6), we obtain the following inequality of Hermite-
Hadamard type for h —preinvex functions [21];

[N fydx < [f(a) + FBI] ) A(D)dE.

Corollary 5 If we choose h(t) =t in (2.6) , we obtain the following inequality of Hermite-
Hadamard type for m —preinvex functions;

. f(2a+77(ba))<

Zh( ) n(b,a)-a

2a+n(b,a) 1 a+7n(b,a) f(X)+mf(%)
f( 2 ) s n(b,a) fa 2 dx
mt1 f(Q)+(b) FEHFE)
<= [72 +m——— ]
Corollary 6 If we choose h(t) =t and m =1 in (2.6, we obtain the following inequality of
Hermite-Hadamard type for preinvex functions [19];
2a+n(b,a) < a+n(b,a) < f@+/®) f(a)+f(b)
FERER) < oo [0 Foodx
Corollary 7 If we choose h(t) =t and n(b,a) =b—a in (2.6) , we obtain the following
inequality of Hermite-Hadamard type for m —convex functions [20];

a+h 1 fb)f(x)+mf( = gy <m+1[f(a)+f(b) FE&+rE

o) syl ——= m—m——],
Corollary 8 If we choose m = 1 and nj(b,a) = b —a in (2.6) , we obtain the following inequality
of Hermite-Hadamard type for h —convex functions [22];
1 a+b

1 b 1
Zh(% 2 ) Sho a_L f)dx < [f(a) +f(b)]J:) h(t)dt.

Corollary 9 If we choose h(t) =t, m = 1 and n(b,a) = b — a in (2.6), we obtain the following
inequality of Hermite-Hadamard type for convex functions;

a+b b f@+f(b)
FED <[ frdx < FTE,
Corollary 10 If we choose n(b,a) =b —a in (2.6), we obtain the following inequality of
Hermite-Hadamard type for (h, m) — convex functions [15];

a+b, _ RO

e <y LG +mf (D)) dx

1, S(@+mf( )+mf(—)+m2f(
<hQ)[ -

w2 f h(t)dt.
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