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INTRODUCTION

In 1965, Zadeh [1] initiated the notion of fuzzy set as an
extension of the traditional crisp set. The theory of fuzzy
sets is the most convenient approach to deal with uncer-
tainties. Many notions of mathematics are extended to fuzzy
sets and various properties of these notions in the context
of fuzzy sets are established. Recently, Riaz et al. applied the
fuzzy set theory in different disciplines such as linear dio-
phantine fuzzy set [2], bipolar picture fuzzy operators [3],
spherical linear diophantine fuzzy set [4] and linear dio-
phantine fuzzy relations [5] in decision making theory, and
Cubic M -polar fuzzy hybrid aggregation operator [6].
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In this paper, we introduce the notions of soft quasi-ideal, soft minimal quasi-ideal, soft left
(resp. right) N- subgroup and soft invariant subnear-ring of a soft near-ring with the help of
soft set theory established by Molodtsov. We also introduce the concepts of soft zero-sym-
metric near-ring, soft constant near- ring, soft near-field and soft Q- simple near-ring over a
near-ring. We investigate the properties of these notions with illustrative examples. We obtain
the characterizations of soft quasi-ideals of a soft (zero-symmetric) near-ring and soft near-
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Many problems in different disciplines such as eco-
nomics, social science, environmental science, engineering,
artificial intelligence, medical science and some other fields
are usually not precise. There are various types of uncer-
tainties involved in the data. To describe the uncertain-
ties, mathematical theories such as theory of probability,
theory of fuzzy sets [1], theory of intuitionistic fuzzy sets
[7], theory of rough sets [8] and many other theories were
established by researchers. But each of these notions has its
intrinsic problems. To overcome these kinds of difficulties,
Molodtsov [9] initiated the innovative concept of soft set as
a new mathematical theory for dealing with uncertainties.
Soft set theory has numerous applications in different fields
such as decision making [10, 11], topological structures
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[12], fractional calculus [13], coding theory [14], medical
system [15, 16], prediction [17], investment[18], and so on.
In theoretical view, many authors defined and studied sev-
eral kinds of operations of soft sets and soft binary opera-
tions on soft sets such as Maji et al. [19], Ali et al. [20] and
Sezgin and Atagiin [21].

Algebraic structures play a prominent role in mathe-
matics with wide ranging applications in many disciplines
such as theoretical physics, computer sciences, control
engineering, information sciences, coding theory, topo-
logical spaces and the like. Recent times, soft set theory
attained much attention of the researchers since its appear-
ance and start studying soft algebraic structures. In [22],
Aktas and Cagman defined the notions of soft groups and
derived some of its basic properties. Since then, the study
of soft set algebraic structures has been pursued in many
directions. Sezgin and Atagiin [23] introduced the concepts
of normalistic soft group and normalistic soft group homo-
morphism, and studied their related properties. Feng et al.
[24] introduced the notions of soft semirings and soft ideals
on semiring. Acar et al. [25] introduced the initial concepts
of soft rings. Onar et al. studied the notion of vague soft
module in [26].

Atagilin [27] and Sezgin introduced and studied the
notions of soft subrings, soft ideals of a ring and soft sub-
fields over a field. They studied the notions of maximal and
principal soft ideals of soft rings in [28]. Abdullah

[29] applied soft intersection sets in I-near-rings. In
[30-32], Sezgin et al. introduced the concepts of soft near-
ring, soft subnear-ring, soft (left, right) ideals, (left, right)
idealistic soft near-ring, soft ideal, soft N-subgroup and
idealistic soft near-ring with related examples.

Ideal theory plays an important role in advanced stud-
ies of algebraic structures. Many mathematicians proved
important results and characterizations of different alge-
braic structures by using the concepts of ideals. For exam-
ple, Narayanan introduced the notion of fuzzy quasi-ideals
of near-rings [33], Manikantan [34] proposed the con-
cepts of fuzzy bi-ideals of near-rings, Abdullah et al. [35]
defined bi-I-hyperideals of I-hypersemigroups, Ersoy et
al. [36] studied the structure of idealistic fuzzy soft I'-near-
rings, Tang et al. [37] studied the concepts of fuzzy inte-
rior I'- hyperideals in ordered I'-hypersemigroups and Hila
et al. [38] introduced the notions of bi-I-hyperideals in
quasi-I- hypersemigroups.

Generalization of ideals in algebraic structures is nec-
essary for further study of algebraic structures. The quasi-
ideals are generalization of left ideal and right ideal. In [39,
40, 41], Yakabe introduced the notions of quasi-ideal and
minimal quasi-ideal in a near-ring and characterize these
near-rings which are near-fields in terms of quasi-ideals.
Motivated by the above theories, in this paper, we apply the
theory of soft sets to quasi-ideals of near-rings.

The first objective of this paper is to introduce and
study the concepts of soft quasi-ideal, soft left (resp. right)
N-subgroup and soft invariant subnear-ring of a soft

near-ring. The second objective is to introduce the notions
of soft zero-symmetric near-ring and soft constant near-
ring over a near-ring, and investigate the properties of these
notions with illustrative examples. The third objective is
to introduce and study the concepts of soft minimal qua-
si-ideal of a soft near-ring, soft near-field and soft Q-simple
near-ring over a near-ring.

This paper is composed in the following order: Section
2 contains some basic definitions which are used in the
subsequent sections. In section 3, we introduce the notions
of soft quasi-ideal of a soft near-ring and soft quasi- ideal
over a near- ring. We also introduce the notions of soft left
(resp. right) N-subgroup and soft invariant subnear- ring of
a soft near-ring. In section 4, we introduce the notions of
soft zero-symmetric near-ring and soft constant near- ring
over a near-ring. We obtain the characterization of soft qua-
si-ideal of a soft (zero-symmetric) near-ring and discuss
some of its properties. In section 5, we define the notions
of soft near-field over a near-ring, soft Q-simple near-ring
over a near-ring and soft minimal quasi-ideal of a soft near-
ring. We discuss the characterization of soft near-rings
which are soft near-fields. Finally, in section 6, we present
the conclusion of this research paper.

PRELIMINARIES

A near-ring [42] is an algebraic structure (N, +,) such
that (N, +) is a group (not necessarily an abelian) with zero
element 0, (N, -) is a semigroup and the right distributive
holds: (u+v)-n=u-n+v-nforallu v,n € N. In other
words, it is a right near-ring. We will use the word “near-
ring” to mean “right near-ring”. Throughout this article, N
stands for near-ring. We write uv for u - v. Note that Ou = 0
for all u € N, while it may exists u € N such that u0 # 0. The
set Ny = {n € N/n0 = 0} is called the zero-symmetric part
of N; N. = {n € N/n0 = n} is called the constant part of N.
N is called zero-symmetric near-ring if N = N; N is called
constant near-ring if N = N.. An element d of N is called
distributive if d(n + n) =dn + dn' V n, n" € N. N stands for
the set of all distributive elements of N. If A and B are two
non-empty subsets of N, then A * B = {a(a’ + b) — aa'/a,
a €A, be€EB}.

A subgroup M of (N, +) with MM € M (resp. NM € M,
MN € M) is called a subnear-ring (resp. left N- subgroup,
right N-subgroup) of N. A subnear-ring M of N with MN
€ M and NM € M is called an invariant subnear- ring of
N [42]. A normal subgroup G of (N, +) is called an ideal of
N, if it satisfies:(i) GN € G and (ii) N * G € G. A normal
subgroup G of (N, +) with (i) is called a right ideal of N and
with (ii) is called a left ideal of N [42]. A subgroup M of (N,
+) is called a quasi-ideal, denoted by M < N, of N if MN
NNM N N * M € M. In case of zero-symmetric near-ring
a subgroup M of (N, +) is called a quasi-ideal of N if MN
N NM € M [39]. Clearly {0} and N are quasi-ideals of N.
If N has no quasi-ideals except {0} and N, we say that N is
Q-simple [39].
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A non-zero quasi-ideal M of a near-ring N is named as
minimal quasi-ideal (MQ], for short) if M does not prop-
erly contain any non-zero quasi-ideal of N. A near-ring N
is called a near-field if it has at least two elements and its
non-zero elements form a group with respect to the multi-
plication defined in N [40].

In what follows U is a basic universal set and E is a set of
parameters, P(U) is the power set of U and A C E.

Definition 2.1. [9] A pair (H, A) is called a soft set
(briefly, SS) over U, where H is a mapping given by H : A
>P(U).

In othe words, a SS over U is a parameterized family of
subsets of the universe U. For e € A, H(e) may be consid-
ered as the set of e-approximate elements of the SS (H, A).

Definition 2.2. [19] Let (H,, A,) and (f,, A,) be SSs
over U. Then (H,, A,) is called a soft subset of (H,, A,) if A,
C A,and H,(p) € H,(p) forall p € A,.

Definition 2.3. [24] For a SS (H, A) over U, the set
Supp(H, A) = {p € A/H(p) = @} is called a support of

(A, A). If Supp(fl, A) # @, then the SS (f1, A) is called
non-null.

Definition 2.4. [43] The SS (H, A) over U is called a rel-
ative whole SS (with respect to A) if H(p) = U for all p € A.
The relative whole SS with respect to E is called the absolute
SS over U and is denoted by A,

Definition 2.5. [20] Let (H,, A,) and (F,, A,) be SSs
over U. Then,

(i) the restricted intersection of these SSs, denoted by (I:ll,
A) AR (H, A,),is defined as (H, A,) Ay (A, A,) = (H,
A), where A=A, N A,= @ and H(p) = H,(p) N Hy(p) for
allp € A.

(ii) the extended intersection of these SSs, denoted by (H,,
A)) Ag (A, A,), is defined as (H, A,) Ag (H,, A,), where
A=A UA,andforall p € A,

H, (p), ifp € A)\A,
H(p) = H, (p), ifp € A,\A,
Hi(p) nH,(p), ifp €A, NA,.

Definition 2.6. [21] Let (I:Ii, A)IEQ # O be a family of
SSs over U. The restricted intersection of these SSs, denoted
by (A)ieq(H;, A), is defined to be the SS (f1, A) such that A
= Nieq A;# @ and H(p) = Ny Hi(p) forall p € A.

Definition 2.7. [44] Let ((H,, A,) and (F,, A,) be SSs
over U. The sum of (fl;, A,) and (H,, A,) is denoted by (H,,
A))¥(f,, A,), and is defined as the SS (f1, A), where A = A,
N A,# @ and H(p) = H,(p) + H,(p) for all p € A and H,(p)
+ Hy(p) = {x; + x,/x, € H,(p), X, € A,(p)}. )

Definition 2.8. [44] Let (H,, A,) and (H,, A,) be SSs
over U. The product of (A, A,) and (H,, A,) is denoted by
(A, A)) 6 (H,, A,)), and is defined as the SS (H, A), where
A=A, NA,=®and H(p) = H,(p) Hy(p) for all p € A and
A,(p) H,(p) = {x, x,/x, € H,(p), x, € A, (p)} .

In a same manner, we define the product of an element
x € N with the SS (H,, A,) as the SSsx & (f1,, A) ={x H,(p)/p
€A and (A, A) sx={H,(p)x/p € AL

From now on, let P be a nonempty subset of E and R be
an arbitrary binary relation between an element of P and an
element of N, that is R is a subset of P x N . A set-valued
function A : P > P(N) can be defined as H(p) = {o € N/(p,
o) € R} for all p € P. Then the pair (H, P) is a SS over N,
which is obtained from the relation R.

Definition 2.9. [22] Let (H, P) be a non-null SS over a
group G. Then (H, P) is called a soft group (briefly, SG) over
G if and only if H(p) is a subgroup of G for all p € P.

Definition 2.10. [22] Let (H,, P,) and (H,, P,) be SGs
over a group G. Then the SG (H,, P,) is called a soft sub-
group (briefly, SSG) of (f1,, P,) if P, € P, and H,(p) is a sub-
group of H,(p) for all p € P.

Definition 2.11. [32] Let (H, P) be a non-null SS over N.
Then (f, P) is called a soft near-ring (SN, for short) over N
if A(p) is a subnear-ring of N for all p € P.

Definition 2.12. [32] Let (H,, P,) and (H,, P,) be SNs
over a group N. Then the SN (H,, P,) is called a soft sub-
near- ring (briefly, SSN) of (H,, P,) if P, € P, and H,(p) is a
subnear-ring of f1,(p) for all p € P,.

Definition 2.13. [32] Let (H, P) be a SN over N. A non-
null SS (K, I) over N is called a soft left ideal (briefly, SLI)
(resp. soft right ideal (SR, in short)) of (H, P) if I € P and
K(p) is a left (resp. right) ideal of H(p) for all p € 1.

If (K, I) is both SLI and SRI of (H, P), then it is said that
(K, 1) is a soft ideal (briefly, SI) of (f, P).

SOFT QUASI-IDEALS OF SOFT NEAR-RINGS

In this section, we introduce the notion of #-product of
two soft sets of a near-ring which is used to study the soft
ideal structures of soft near-rings. We introduce the notions
of soft quasi-ideal of a soft near-ring and soft quasi- ideal
over a near-ring. We also introduce the notions of soft left
(resp. right) N-subgroup and soft invariant subnear- ring of
a soft near-ring. We discuss the properties of these notions
with illustrative examples. We prove that the restricted
intersection of a soft quasi-ideal and a soft subnear-ring of a
soft near- ring is a soft quasi-ideal of the soft subnear-ring.

Definition 3.1. Let (fI,, P,) and (H,, P,) be SSs over U.
The #- product of (H,, P,) and (H,, P,) is denoted by (f;,
P,) # (fl,, P,), and is defined as the SS (H, P), where P = P,
N P,= @ and H(p) = H,(p) * H,(p) for all p € P and H,(p) *
H,(p) = {n(n, + ny) - nyny/n; n, € Hy(p), ny€ Hy(p)} .

Example 3.2. Consider a near-ring N = {0, 1, 2, 3} with
the operations Table 1 and Table 2 (Scheme 20: (7,8,2,1) see
[42], p.408).

Table 1. Addition table of near-ring N in Example 3.2

w N~ o+
w N = O O
N W O =
—_ O W NN
S = NN W W
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Table 2. Multiplication table of near-ring N in Example 3.2

Table 3. Addition table of near-ring N in Example 3.7

W NN = O

_ o = O O
S = = O
W NN = O N
N W = O W

Let A =N and (H, A) be a SS over N, where H: A > P(N)
is a set-valued function defined by H(p) = {0 € N/pRo & po
€ {0, 1, 2}} for all p € A. Then, H(0) = H(1) = N, H(2) = {0,
1,2} and A(3) = {0, 1, 3}. Let (G, B) be the SS over N defined
by G(p) = {0} U {0 € N/pRo © p + 0 = 0}, where B = {1, 2,
3}. Then, G(1) = {0, 1}, G(2) = {0, 2} and G(3) = {0, 3}. It is
easy to verify that (H, A) # (G, B) is a SS over N, where A N
B=1{1,2,3} = 0and HQ1) * G(1) = {0, 1}, H(2) * G(2) = {0,
2} and A3) * G(3) = {0, 3}.

Definition 3.3. Let (H, P) be a SN over N. A non-null SS
(K, Q) over N is called a soft quasi-ideal (brieﬂy, SQI) of (H,
P), denoted by (K, Q) < (H P), if Q € P and K(p) < H(p)
for all p € Supp(K, Q).

Theorem 3.4. Let (H, P) be a SN over N. Then, a SSG (K,
Q) of (f, P) is a SQI of (H, P) if and only if (K, Q) & (1, P))
N (A, P) 8 (K, Q) Nx (A, P) (K, Q) € (K, Q).

Proof. (K, Q) is a SQI of (H, P)

© Q € P and each K(p) <, H(p) for all p € Supp(K, Q),
asPNQ=Q=¢
e Qg Pand K(p) H(p) n H(p)K(p) N H(p) = K(p) <
K(p) for all p € Supp(K, Q)

< (K, Q) s (H,P)) Ag ((H, P) & (R, Q) Ay (, P) # (K,
Q<K Q. )

Definition 3.5. A non-null SS (K, Q) over N is called a
soft quasi-ideal over N, denoted by (K, Q) <N, if K(p) <
N for all p € Supp(K, Q).

Theorem 3.6. Let N be a near-ring. Then, a SSG (K, Q)
over N is a SQI over N if and only if (K, Q) 6 Ay) Ay (Ay ¢
(R, Q) Ag (A # (K, Q) € (K, Q).

Proof. (K, Q) isa SQI over N

& each K(p) < Nforallp e Supp(K, Q),asN N Q =
Q=0

& K(p)N N NK(p) N N = K(p) € K(p) for all p € Supp(K,
Q)

B (K, QA A (A8 (K, Q) Ag(Ay# (K Q)
K, Q).

Example 3.7. Consider a near-ring N over the Dihedral
group Dy = {0, 1, 2, 3, 4, 5, 6, 7} with the operations Table
3 and Table 4 (Scheme 76:(15,1,35,5,15,1,35,5) see [42], p.
415).

Let P =N and (H, P ) be a SS over N, where H: P > P(N)
is given by H(p) = {0 € N/pRo & po € {0, 2, 4, 6}} for all p
€ P. Then, H(0) = H(2) = H(4) = H(6) = N and (1) = A(3)
=H(5) = H(7) = {0, 2, 4, 6} which are all subnear-rings of N.
Hence, (H, P ) is a SN over N.

q

Nt R W N = O+
NG A WD = O O
S T N R N S N
A N = O W NN
NN - S T S TR R SU R 0%
W N R O N U A
[ R O N - B IS
— O W N U RN O O
© W N = O Uu ok NN

Table 4. Multiplication table of near-ring N in Example 3.7

NN Uk W N = O

S B O B B O B O O
N N R W N = O
[ S S ) N =R« ) W = R ]
U N N k= D W o W
S B O O RO
NN Uk W= O n
NSRS -e) S e R o) W e B o
U O N =D W o N

Let (K, Q) be a SS defined by K(p) = {o € N/pRo & po
€ {0, 4}}, where Q = {1, 2, 3}. Then, K(1) = {0, 4}, K(2) =
{0, 2, 4, 6} and K(3) = {0, 4} are QIs of H(1), H(2) and H(3),
respectively. So, K(p) < H(p) for all p € Supp(K, Q). Hence,
K,Q 4 (H P)overN

Example 3.8. Consider a near-ring N = M,(Z), where
M,(Z) is the set of 2 x 2 matrices with integer terms, with
addition and multiplication operations of matrices.

Let P = Z and Q = 3Z. Let (H, P) be SS over N,
where H: P > P(N ) is a set-valued function defined by

Hx) = { e HX] /n,m € Z}forallePThen,(H P)isaSNover
N. Let (K, Q) be SSover N, given by g(x) = { nx nX] /n € Z}
. Since n;,, n, € Z, we have n;, — n, € Z and so
nlx nlx] [nzx nzx] [(n1 —ny)x (ng — nz)X] c K(X)

Therefore~, Kx)isa subgrou~p of H(x) for all x € Supp(K, Q~).
Hence, (K, Q) is a SSG of (H, P). Now for each x € Supp(K,

Q), let [rg‘ ;‘l’;] [“X “X] € fA(x) and [“X “X] € Rx),
where n, n', m, m'

nx nX] [nx HX] [nzx2 n2x? +nmx]

Since 0 mx
) r;)x I’IX] [nx HX] [nzxz nzoxz] and
o md (5 T+ 15 B0 w5 mad =I5 ™3,
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we have, Kx)H(x) N Hx)K(x) n Hx) * Kx) = 0 € K(x),
whenm # 0, m’ # 0 and K(x)H(x) N H)K(x) n H(x) * K(x)
¢ K(x), when m = 0, m" = 0 for all x € Supp(K, Q). Hence,
(K Q) 4, (H, P) over N.

Remark 3.9. The SQI of a SN as in Definition 3.3 is dif-
ferent from the SQI over a near-ring N as in Definition 3.5.
The next example explain this situation.

Example 3.10. Consider a near-ring N over the Dihedral
group Dg =10, 1, 2, 3, 4, 5, 6, 7} with the operations Table 5
and Table 6 (Scheme 132: (15,35,15,35,15,1,15,1) see [42],
p. 415).

Let (H, P) be a SS over N, where P = N and H is defined
as H(0)=H(2)=H4) =N, H1) = H3) = H(6) = {0, 2, 4, 6}
and H(5) = H(7) = {0, 2, 5, 7}. Then (H, P ) is a SN over N.

Table 5. Addition table of near-ring N in Example 3.10

Nt R W N = O+
I - N B N S = =)
N AN O W N =
S N N =
NN - S T S TR R SU R oW
W0 R O N O U
[ R O N I I IS
—_ O W N U RN O O
S W N = O Uk NN

Table 6. Multiplication table of near-ring N in Example 3.10

NN U R WD = O

S O A O B O O
[ S S ) N =) S e
O O R RO O N
[ N S ) N =) R = R b}
S O R O B O
N N Uk W= O »n
S B O R RO O O
NN U R WD = O N

Let (K, Q) be a SS defined by K(p) = {0} U {0 € N/pRo
& p + 0 =0}, where Q = {5, 6, 7}. Then, K(5) = {0, 5}, K(6)
= {0, 6} and K(7) = {0, 7} are QIs of f(5), H(6) and (7),
respectively. Hence, K Q< q (H, P) over N. Whereas K(5)
= {0, 5} and K(7) = {0, 7} are not QI of N, (K, Q ) is not a
SQI of N.

Theorem 3.11. The restricted intersection of family of
SQIs of a SN (H, P) over N is a SQI of (H, P) when it is
non- null.

Proof. Let (K;, Q,) ;o be a family of SQIs of a SN (f, P)
over N an let (K, Q) = ( Ag)icq (Ki, Q) , where Q = Nicn Q;
# @ and K(p) = Nicq Ki(p) for p € Supp(K, Q). Suppose that
(K, Q) is a non-null SS. Since each (Kp Q,) isa SSG of (H, P),
by Theorem 24 of [22], (K, Q) is also a SSG of (H, P). Since
K(p) = Nicg Ki(p) € Ki(p) for alli € Q and p € Supp(K, Q),
we have K(p)H(p) n A(p)K(p) N H(p) * K(p) < Ki(p)H(p) N
H(p)K;(p) N H(p) * Ki(p) € K;(p) for all i € Q. It follows that
K(p)H(p) n H(p)K(p) N H(p) * K(p) € Nicq Kilp) = K(p) for
all p € Supp(K, Q). Hence, (K, Q) < (H, P) over N.

Corollary 3.12. The restricted intersection of two SQIs
of a SN (H, P) over N is a SQI of (H, P) when it is non-null.

Proof. The proof is straightforward from Theorem 3.11.

Theorem 3.13. Let (K,, Q) be a SQI and (K,, S) be a SSN
of a SN (H, P) over N. Then, (K;, Q) Az (K,, S) <, (K,, S)
when it is non-null.

Proof. Using Definition 2.5, we can write (K, Q) A
(K,, ) =(J,C) where C=Qn S=@and](p) = K,(p) N Ky(p)
for all p € Supp(j, C). Since QS PandSCPQNS=CCP.
Suppose that (], C) is non-null. If p € Supp(J, C), then J(p)
= K,(p) n Ky(p) # @. Since K,(p) and K,(p) are subgroups
of H(p), K,(p) is also a subgroup of K,(p) for all p € Supp(],
C). For each p € Supp(], C),

J(P)KR(p) n Ry(p)](p) N Ky(p) *J(p) ) )

= (Ky(p) N Ky(p)) Ky(p) N Ky(p) (K (p) N Ky(p)) N Ky(p)
*(Kip) nKy(p)) ) ) )

< gKl(p)~ﬂ Kz(P)) Kz(e) N Kz(P2 (Ky(p) n Kz(P))~

< Ifz(P)Ifz(P) n ISz(P)Kz(P)’ as K (p) N Ky(p) € Ky(p)

< Ky(p)Ky(p) € Ky(p)

and

JPKy(p) NRo(I(p) N Ry(p) +T(p) )

= (Ky(p) N Ky(p)) Ky(p) N Ky (p) (K (p) N Ky(p)) N Ky(p)
«(Ki(p) N Ky(p)) ) )

€ Ky(p)H(p) N H(p)K,(p) N H(p) *K,(p)

_ € Kl(P)’ as K,(p) € H(p), Ki(p) N K,(p) € K,(p) and
KI(P) <]q H(P)

Therefore,

J(P)Rs(p) N Rolp)T(p) 1 Ro(p) * T(p) € Ry (p) N R(p) =]
(p)- Cf)nsequently, ]Ep) = Kl(p~) N Ky(p) 9, K,(p) forall p €
Supp(J, C). Hence, (], C~) 3, (K,,9S). )

Remark 3.14. Let (K, Q) be a SQI and (K,, S) be a SSN
of a SN (H, P) over N. By Definition 2.5, we can write (I~(1,
Q) A (K,, S) = (K, A), where A = Q U S. Suppose that p €
Supp(K, A). If p € Q\S, then K, (p) = K(p) is a quasi-ideal of
A(p) but need not be a quasi-ideal of K,(p). Hence, (K, Q)
A (K,, S) need not be a SQI of (K,, S).

Theorem 3.15. Let (H, P) be a SN over N. Then, m' 6 (H,
P) and (f, P)  m are SQIs of (H, P), where m, m’ € H(p)
and m’ is a distributive element in H(p) for all p € supp(H,
P).

Proof. First we prove that m' & (H, P) 9 (H, P). Since
m’ is a distributive element in H(p), m'H(p) is a subgroup
of H(p) for all p € Supp(H, P). Then, m'H(p)H(p) N H(p)
m'H(p) N H(p) » m'H(p) € m'H(p) N H(p)m'H(p) N H(p)
* m'H(p) € m'H(p) for all p € Supp(H, P ). Hence, m' & (H,
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P) <, (f, P). In a similar manner, we can prove (fl, P) § m
<, (A, P).

Theorem 3.16. The restricted intersection of SLI and
SRI of a SN (H, P) over N is a SQI of (H, P) when it is
non-null.

Proof. Let (K, 1)) and (K,, I,) be the SLI and SRI of the
SN (8, P) over N, respectively. Then, H(p) * Rl(p) c Kl(p)
for all p € Supp(K,, I,) and K,(p)H(p) < K,(p) for all p €
Supp(K,, I,). Let (K, Q) = (K, I,) Ax (K,, I,), where Q =1, n
I, = @ and K(p) = K,(p) N K,(p) for all p € Supp(K, Q). Since
[,€PandI,E P, Q=1,N1,E P and since K,(p) and K,(p)
are subgroups of H(p), K(p) is also a subgroup of F(p) for all
pE Supp(K, Q). Then for all pE Supp(K, Q),

R(p)H(p) n H(p)K(p) N H(p) *K(p) )

= (Ky(p) n Ky(p))H(p) N H(p)(K,(p) N Ky(p)) N H(p) *
(&,(p) N Ky(p))
< Ry(pH(p) n HP)K,(p) n Hlp) = Ky(p), as Ky(p) N
Ry(p) €K 1(p) o 3 3 y

c K, (pH(p) n Hp)K,(p) N K (p), as H(p) * K;(p) S
K (p) .

S K(p).

Slmllarly, we can prove K(p)H(p) n H(p)K(p) N H(p) *
K(p) = Ky(p). Thus, K(p)H(p) n H(p)K(p) N H(p) = K(p) <
K (p) N K,(p) = K(p) for all p € Supp(K, Q). Hence, (K, Q)
<, (A, P) over N.

Theorem 3.17. Every SLI (resp. SRI, SI) of a SN (f1, P)
over N is a SQI of (H, P).

Proof. The proof follows from the proof of Theorem
3.16.

Definition 3.18. Let (F, P) be a SN over N. A non-
null SS (K, B) over N is called a soft left N-subgroup (resp.
soft right N-subgroup) of (H, P) if B € P and K(p) is a left
N-subgroup (resp. right N-subgroup) of H(p) for all p €
Supp(K, B).

Theorem 3.19. Every soft left N-subgroup (resp. right
N-subgroup) of a SN (H, P) over N is a SQI of (f, P).

Proof. Let (K, Q) be a soft left N-subgroup of (f, p)
over N. Then, H(p)K(p) < K(p) for all p € Supp(K, Q). Since
R(p)H(p) n H(p)K(p) N H(p) * K(p) € K(p)H(p) N K(p) N
H(p) * K(p) € K(p), K(p) <, H(p) for all p € Supp(K, Q).
Hence, (K, Q) S (H P). Slm1larly, we can prove every soft
right N- subgroup of (A, P) is also a SQI of (H, P).

Theorem 3.20. Let (K, Q) be a soft left N- subgroup of a
SN (H, P) over N. Then e § (K, Q) q(H P), where e is a dis-
tributive idempotent element of H(p) for all p € Supp(K, Q).

Proof. Since each K(p) is a left N-subgroup of I:I(p), we
have H(p)f((p) c K(p) forallp € Supp(f( Q). Now, since e
K(p) c H(p)K(p) c K(p) and eK(p) < efl(p), we have eK(p)
c K(p) n ef(p) for all p € Supp(K, Q). Let u be any ele-
ment of K(p) N ef(p), then we write u = v = en, where v
€ K(p) and n € H(p) for all p € Supp(K, Q). From where u
=en = een = ev € eK(p), K(p) N ef(p) < eK(p) forall p €
Supp(K, Q). Therefore, e 5 (K, Q) = (K, Q) Ay (e § (A, P)).
By Theorem 3.15 and Cor~ollary 3.12,e 8 (K, Q) <TS (A, P).

Definition 3.21. Let (K, B) be a SSN of a SN (H, P) over
N. Then (K, B) is called a soft invariant subnear-ring of (f,

P) if K(p) is a invariant subnear-ring of H(p) for all p €
Supp(K, B).

Theorem 3.22. Every soft invariant subnear-ring of a
SN (H, P) over N is a SQI of (H, P)over N.

Proof. The proof is similar to that of Theorem 3.20.

CHARACTERIZATIONS OF SOFT QUASI-IDEALS
OF SOFT NEAR-RINGS

In this section, we study the concepts of soft quasi-ide-
als on zero-symmetric near-ring and constant near- ring.
We introduce the notions of soft zero-symmetric near-ring
and soft constant near-ring over a near-ring. We obtain the
characterization of soft quasi-ideal of a soft (zero-symmet-
ric) near-ring and discuss some of its properties. We pro-
vide the condition for a soft subgroup of a soft near-ring to
be a soft quasi-ideal.

Definition 4.1. Let (H, P) be a SN over N. Then, a non-
null SS (A, P), over N is called a soft zero-symmetric part of
(A, P) if H(p), is a zero-symmetric part of H(p) for all p €
Supp(H, P) , where f(p), = {n € H(p)/n0 = 0}. The SN (H,
P) is called a soft zero-symmetric near-ring (SZN, for short)
over N if H(p) = H(p),, that is, H(p) is a zero- symmetric
subnear-ring of N for all p € Supp(H, P).

Note that a soft zero-symmetric near-ring over a near-
ring is same as a soft near-ring over a zero-symmetric
near-ring.

Definition 4.2. Let (H, P) be a SN over N. Then, a non-
null SS (H, P)_ over N is called a soft constant part of (H,
P) if I:I(p)C is a constant part of I:I(p) forallp € Supp(f, P),
where H(p). = {n € H(p)/n0 = n}. The SN (H, P) is called
a soft constant near-ring (SZN, for short) over N if H(p) =
A(p),, that is, H(p) is a constant subnear-ring of N for all p
€ Supp(H, P).

Example 4.3. Consider the SN (f, P) over N as defined
in Example 3.7.

Let P = N and (H, P) be a SS over N defined by I:I(O)0
= H(2), = H(4), = H(6), = {0, 2, 5, 7} and H(1), = H(3), =
I?I(S)0 = I:l(7)0 = {0, 2}. Then, I:I(p)0 is a zero-symmetric part
of I:I(p) for all p € P. Hence, (H, P), is a soft zero-symmetric
part of (H, P).

Let P = N and (H, P) be a SS over N defined by H(p), =
{0, 4} for all p € P. Then, H(p)_ is a constant part of H(p) for
all p € P. Therefore, (H, P)_ is a soft constant part of (f, P).

Suppose we define H(p) = {0, 2, 5, 7} for all p € Supp(H,
P), then (F, P) is a SZN over N. If we define H(p) = {0, 4} for
all p € Supp(H, P), then (H, P) is a SCN over N.

Remark 4.4. In Definition 4.1 and Definition 4.2, since
the zero-symmetric part and the constant part of a near-
ring N are subnear-rings of N, H(p), and H(p). are sub-
near-rings of H(p) for all p € Supp(f, P). Therefore, (H, P),
and (M, P)_ are SSNs of (H, P) over N. Hence, for a given SN
(H, P) over N we can obtain at least two SSNs (H, P), and
(A, P). of (H, P).

Remark 4.5. Let (H, P) be a SZN over N and (K, B) be
a non-null SS of (A, P) over N. Since, for any a € I:l(p) and
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b € K(p), ab = a(0 + b) — a0, we have H(p)K(p) < H(p) *
K(p) for all p € B. That is, (f1, P) 6 (K, B) < (H, P) # (K, B).

Theorem 4.6. The soft zero-symmetric part (H, P), of a
SN (H, P) over N is a SQI of (H, P).

Proof. By Remark 4.4, (A, P), is a SSN of (H, P) and
so H(p) is a subgroup of H(p) for all p € Supp(H, P) . For
all m, m" € A(p) and m, € A(p),, we have (m(m’ + m,) —
mm’)0 = m(m’ + my)0 - mm’'0 = m(m'0 + my0) - mm’'0 =
0.Therefore, (m(m’ + m,;) — mm’) € H(p),. Consequently,
H(p) = H(p), < H(p), for all p € Supp(H, P) . Now H(p),H(p)
N H(p)H(p), N H(p) * H(p),  H(p),. Thus, H(p), <, H(p)
for all p € Supp(H, P),. Hence, (H, P), < (H, P).

Theorem 4.7. The soft constant part (1, P)_ of a SN (1,
P) over N is a SQI of (H, P).

Proof. By Remark 4.4, (H, P)_is a SSN of (H, P). So
A(p). is a SSG of f(p) V p € Supp(H, P).. For all m € H(p)
and m_ € H(p)., we have (mm_)0 = m(m_0) = mm_. Thus
mm,_ € H(p).and so H(p)H(p). < H(p), for all p € (f, P)..
Now, FI(p)SI:I(p) N I:I(p)I:I(p)c N I:I(p~) * I:I(p)cF Fl(p)C for all
pE SuPp(H, P).. This~implies thgt H(p). <Y H(p) forall p €
Supp(H, P).. Hence, (H, P). <, (H, P). )

Theorem 4.8. A SSG (K, Q) of a SZN (H, P) over N is a
SQI of (A, P) if and only if (R, P) & (A, Q)) Ay (A, P) & (K,
Q) € (& Q. ) ) )

Proof. Assume that (K, Cg) <TQ(H, P);Since ~(H, P)isa
SZN over N, by Remark 4.5, H(p)K(p) € H(p) * K(p) for all
p € Supp(K, Q). Then, by Theorem 3.4, we have K(p)H(p) N
H(p)K(p) = R(p)H(p) n H(p)K(p) N H(p)K(p) < K(p)H(p)
N H(p)K(p) N H(p) * K(p) < K(p). Thus, K(p)H(p) N H(p)
K(p) € K(p) for all p € Supp(K, Q). Hence, ((K, P)  (H, Q))
h‘R ((H, P) s (K, Q)) < (K) Q) - N N

Conversely, assume that ((K, P) § (H, Q)) Az (H, P) &
(K, Q) € (K, ~Q) That is, I~(~(p)l:l~(p) n I:IEp)f(gp) c IN((~p) for
all p € Supp(K, Q). Then, K(p)H(p) N H(p)K(p) N H(p) *
K(p) < K(p) N H(p) * K(p) S K(p) for all p € Supp(K, Q).
consequently, (K, Q) < q (H, P).

Theorem 4.9. Let N be a zero-symmetric near-ring.
Then, a SSG (K, Q) over N is a SQI over N if and only if (K,
Q) 5 AyAgAys (R Q) < (R Q).

Proof. The proof is similar to that of Theorem 4.8.

Theorem 4.10. Let (K, Q) be a SQI of a SN (H, P) over
N. Then,

(i) (KQ) =K Q) Ag(fl,P) <Tq(H, P) over N when it
is non-null.

(i) (K,Q).=(K Q) Az(H,P) <Tq(H, P) over N when it
is non-null.

Proof. The proof is straightforward from Corollary
3.12.

Remark 4.11. In general, every SQI of a SN over N is
not a SSN of the SN as given in the following example.

Example 4.12. Consider the SN (H, P) over N as defined
in Example 3.7.

Suppose that (K, Q) is a SS over N defined by K(1) = {0,
6} where 9:{1~}. Then K(1) < H(1). Hence, (K, Q~) < (Izl,
P). Since K(1)K(1) = {0, 6}{0, 6} = {0, 4} € {0, 6} = K(1), (K,
Q) is not a SSN of (H, P). To prove that a SQI of a SN is a

SSN we need some additional conditions and so we have
the following theorem.

Theorem 4.13. Let (K, Q) be a SQI of a SN (H, P) over
N and 0 is the zero element of N. Then, the following con-
ditions are equivalent:

(i) (K, Q) is a SSN of (H, P),

(i) (R, Q) 50 € (R, Q).

(iR Q = (R, Qy+ R, Q,.

Proof. (i) = (ii) Since K(p)K(p) € K(p) and 0 € N, the
zero element of K(p), we have K(p)0 € K(p)K(p) € K(p)
and so K(p)0 € K(p) for all p € Supp(K, Q). Hence, (K, Q)
50 € (K, Q).

(ii) = (iii) Since K(p) c I:I(p), by Theorem 1.13 of [42]
for any element y € K(p), we have y = (y — y0) + y0, where
y-y0 € I:I(p)o and y0 € H(p)C forall p € Supp(K, Q). By
assumption y0 € K(p)0 € K(p) and so y — y0 € K(p) for all
pE Supp(K, Q). Since y-y0E€E K(p) and (y — y0)0 = 0, we
have y — y0 € K(p),. Similarly, since y0 € K(p) and (y0)0 =
y0, we have y0 € K(p). for all p € Supp(K, Q). This implies
thaty = (y - y0) + y0 € I~((p)0~+ K(p).. So K(p) < K(p)o +
K(p). € K(p) for all p € Supp(K, Q). This shows that K(p)
= I~((p)0 + K(p)C for all p € Supp(K, Q). Hence, (K, Q) = (K,
Q)+ (K, Q). i

(iii) = (i) For any element y € K(p), we can writey =y,
+ 7y, with y, € K(p),and y. € K(p),. Then for any elements y,
y' €K(p), we have yy' = (yo+ ¥ )y = Yoy + Yoy = Yoy +Ye
Moreover, we have yoy' = v,(0 +y") — y,0 € H(p) * K(p) for
all p € Supp(K, Q). From where y,y’ € K(p)H(p) n H(p)K(p)
N H(p) = K(p) < K(p) implies that yy’ = y,y’ +y. € K(p). So
K(p)K(p) < K(p) for all p € Supp(K, Q). Therefore, (K, Q) &
(K, Q) € (K, Q). Hence, (K, Q) is a SSN of (H, P) over N.

Theorem 4.14. Let (H, P) be either a SZN or a SCN over
N. Then, each SQI of (H, P) is a SSN of (H, P).

Proof. Let (K, Q) be a SQI of (F, P). Suppose (H, P) is a
SZN. Then, K(p)O ={0} I~((p) forall p € Supp(f(, Q) and
so(K,Q)s0c (K Q) Suppose (A, P) is a SCN. Then, K(p)0
= K(p) for all p € Supp(K, Q) and so (K, Q) 50 = (K, Q).
Hence, by Theorem 4.13, (K, Q) is a SSN of (1, P) over N.

Theorem 4.15. Let N be either a zero-symmetric or a
constant near-ring. Then, each SQI over N is a SSN over N.

Proof. The proof is similar to that of Theorem 4.14.

Remark 4.16. The converse of Theorem 4.15 is not true
in general as given in the following example.

Example 4.17. Consider a zero-symmetric near-ring N
= {0, 1, 2, 3} with the addition operation Table 7 and the
multiplication operation Table 8 (Scheme 4: (0,14,2,1) see
[42], p.408).

Table 7. Addition table of near-ring N in Example 4.17

w N~ O+
[SUI SR = I )
[ R e
—_ O W NN
S = N W W
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Table 8. Multiplication table of near-ring N in Example 4.17

W NN = O -

o O o o o
— - OO
N W = O N
W NN = O W

Let Q = {1, 3} and (K, Q) be the SS over N defined by
K(p) = {0 € N/pRo < po = {0, 3}}.

Then, K(1) = {0, 1} and K(3) = {0, 3} are subnear-rings of
N. Therefore, (K, Q) is a SSN of N. Since K(3)N n

N K@3) =N & {0, 3} = K(3), (K, Q) is not a SQI over N.
Hence, a SSN over N need not be a SQI over N.

CHARACTERIZATIONS OF SOFT NEAR-FIELDS

In this section, we define the notions of soft near-field
over a near-ring, soft Q-simple near-ring over a near- ring
and soft minimal quasi-ideal of a soft near-ring. We discuss
the characterization of soft near-rings which are soft near-
fields. Throughout this section, we consider the near-fields
which are zero-symmetric near-rings.

Definition 5.1. A non-null SS (H, P) over N is called a
soft near-field (briefly, SNF) over N if H(p) is a subnear-field
of N for all p € Supp(H, P).

Definition 5.2. Let (H,, P,) and (H,, P,) be two SNFs
over N. Then (H,, P,) is called a soft subnear-field of (,, P,)

if it satisfies:

(i) P, P, and

(ii) H,(p) is a subnear-field of [, (p) for all p € Supp(H,,
P,).
Definition 5.3. A SN (f, P) is called a soft Q-simple over
N if H(p) is Q-simple for all p € Supp(H, P).

Theorem 5.4. If a SN (f, P) over N is soft Q-simple,
then (H, P) is either a SZN or a SCN over N.

Proof. Let (H, P), be a soft zero-symmetric part of
(~I:I, P). By Theorfzm 4.6, (H, P), <Tq (A, P) and so I:I(p)~0 <y
H(p) and since (H, P) is soft Q-simple, we have either H(p)
= H(p), or H(p) = {0} for all p € Supp(H, P). This implies
that H(p) is either a zero-symmetric near-ring or a constant
near-ring for all p € Supp(fl, P). Hence, (H, P) is either a
SZN or a SCN over N .

Theorem 5.5. Let (H, P) be a SN over N such that each
A(p) has more than one element for all p € Supp(H, P ).
Then the following conditions are equivalent:

(i) (H,P)isaSNF over N,

(ii) (A, P) is soft Q-simple and each H(p) has a left
identity for all p € Supp(H, P),

(iii) (H, P) is soft Q-simple, I:I(p)d # {0} and for each
non-zero element y of f(p) there exists an element y’ of
A(p) such that y'y # 0, where H(p), is the set of all distribu-
tive element of H(p) for all p € Supp(H, P).

(iv) (H, P) is soft Q-simple and each H(p) has a left
cancellable element for all p € Supp(fi, P).

Proof. (i) = (ii) Since I:I(p) is a near-field, Fl(p) is
zero-symmetric and H(p) has a left identity for all p €
Supp(fl, P). Let (K, P ) be a SQI of (f1, P). Then, K(p)H(p) N
A(p)K(p) < K(p) for all p € Supp(H, P). Let m, m’ be non-
zero elements of K(p), where m’ is a distributive element.
Then H(p) = mHA(p) = H(p)m implies that H(p) = mH(p)
N Iil(p)m c K(p)lfl(p) nfl(p)f((p) c K(p) and~since K(p)
€ H(p), we have K(p) = H(p) for all p € Supp(H, P). Thus,
H(p) is a Q-simple for all p € Supp(H, P). Hence, (f, P) is
soft Q-simple.

(i) = (iii) Suppose ﬁ(p) has a left identity e. Then e
is a non-zero distributive element. Hence, H(p), # {0} and
ey =y # 0 for every non-zero element y of H(p) for all p €
Supp(f, P).

(iii) = (iv) It is enough to show that each H(p) has
a left cancellable element for all p € Supp(f, P). Let m €
H(p)4 # {0} such that my, = my,, where y, and y, are any
two elements of H(p). Then my, — my, = m(y, - y,) = 0.
By assumption y, — y, = 0 which implies y, = y,. Therefore,
H(p) has a left cancellable element m for all p € Supp(f, P).

(iv) = (i) Letm € H(p)d # {0} be a left cancellable ele-
ment of H(p). Then for any two elements y,, y, € H(p) such
that y; = y, = my, = my, = m(y, — y,) = 0. This shows that
H(p) is zero-symmetric for all p € Supp(H, P). By Theorem
3.15, mH(p) is QI of H(p). Since H(p) is Q-simple, we have
mH(p) = H(p) forall p €

Supp(f, P). It follows from the Theorem 8.3 of [42],
H(p) is a near-field for all p € Supp(H, P). Therefore, (H,
P) is a SNF.

Definition 5.6. Let (K, Q) be a SQI of a SN (H, P) over
N. Then (K, Q)is called a soft minimal quasi-ideal (SMQI,
for short) of (f, P) if K(p) is a MQI of H(p) for all p €
Supp(K, Q). )

Example 5.7. Consider the SN (H, P) over N as defined
in Example 3.7.

Let Q = {1, 3} and K: Q > P(N) be defined by K(1) = {0,
4} and K(3) = {0, 2}. Then, K(1) and K(3) are QIs of H(1)
and H(3), respectively. Since K(1) and K(3) do not properly
contain any non-zero quasi-ideal of H(1) and H(3), we have
K(1) and K(3) are MQIs of H(1) and H(3), respectively. So
K(p) is a MQI of H(p) for all p € Supp(K, Q). Hence, (K, Q)
is a SMQI of (H, P) over N.

Now consider the SS (K, B) defined by K,(p) = {0 € N/
pRo & po € {0, 4}}, where B = {1, 2, 3}.

Then K, (1) = {0, 4}, K,(2) = {0, 2, 4, 6} and K,(3) = {0, 4}
are QIs of A(1), H(2) and H(3) respectively.

Sincef(l(Z) contains the proper quasi-ideal {0,4} of A(2),
we have K;(2) is not a MQI of H(2). Thus, K,(p) is not a
MQI of H(p) for all p € Supp(K,, B). Hence, (K,, B) is not a
SMQI of (H, P) over N.

Theorem 5.8. Let (K, Q) be a SQI of a SN (H, P) over
N such that K(p) # {0} for all p € Supp(K, Q) . If (K, Q) is a
SNF of (f1, P), then (K, Q) is a SMQI of a soft zero-symmet-
ric part (H, P), of (H, P).
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Proof. Let (K, Q) be a soft subnear-field of (H, P). Since
each K(p) is a subnear-field of H(p) and K(p) = {0}, K(p) is
a zero-symmetric subnear-ring of H(p) and since H(p), is a
zero-symmitric part of H(p), we have K(p) € H(p), for all p
€ Supp(K, Q). By Remark 4.4 and Theorem 3.13, we have
(K, Q) = (K, Q N (H,P), < (H,P),. Suppose (], Q) < (H,
P), such that J(p) # {0} and J(p) S K(p) for all p € Supp(K,
Q). Then, J(p)K(p) N R(p)(p) N R(p) * T (p) < J(p)F(p),
N H(p)y J(p) N H(p), * J(p)  J(p). This implies that | (p)
< K(p) for all p € Supp(K, Q). Since (K, Q) is a SNF, we
have (K, Q) is soft Q-simple and so K(p) is Q-simple for
all p € Supp(K, Q). Consequently, K(p) = J(p) for all p €
Supp(K, Q) . This shows that K(p) is a MQI of H(p), for all p
€ Supp(K, Q). Hence, (K, Q) is a SMQI of (H, P),.

Theorem 5.9. Let (K, Q) be a SQI of a SN (H, P) over
N such that K(p) # {0} for all p € Supp(K, Q). If (K, Q) is a
SMQI of (f, P),, then (K, Q) is a SMQI of (, P).

Proof. Let (K, Q) be a SMQI of (f, P), such that K(p)
= {0} forall p € Supp(f( Q). Suppose (J, Q) < (H, P) such
that J(p) # {0} and ](p) c K(p) forallp € Supp(K, Q). Now,
J(p)F(p)y N H(p)y J(p) N () * T(p) E(p)H(p) N A(p)](p)
n H(p) * ](p) C J(p). This implies that ](p) < H(p)0 for all
p € Supp(K, Q). Since K(p) is a MQI of H(p)o, we have K(p)
= ](p) forallp € Supp(K Q). Since K(p) < H( ) and K(p)
= ](p) K(p) is a MQI of H(p) for all p € Supp(K Q). Hence,
(K, Q) is a SMQI of (H, P).

Theorem 5.10. Let (K, Q) be a SQI of a SN (H, P) over
N such that K(p) # {0} for all p € Supp(K, Q). Then, the
following conditions are equivalent:

(i) (K, Q) is a soft subnear-field of (H, P),

(i) (K, Q)isaSMQI of (A, P)0 and each K(p) contains
a left cancellable element of H(p), for all p € Supp(K, Q),

(iii) (K, Q) is a SMQI of (H, P)0 and each K(p) contains
an idempotent element which is a left identity element of
H(p), for all p € Supp(K, Q),

(iv) (K Q)isaSMQI of (H, P)0 and each K(p) contains a
non-zero distributive element of I:I(p)0 forallpe Supp(K, Q).

Proof. (i) = (ii) It is clear from Theorems 5.5 and 5.8.

(ii) = (iii) Let e € f((p) be an idempotent and left can-
cellable element of H(p),. Since ee = e and eey = ey gives ey
=y for ally € H(p),, we have e is the left identity of H(p), for
all p € Supp(K, Q).

(iii) = (iv) Suppose H(p), has a left identity e. Then, by
Theorem 5.5, e is a non-zero distributive element of H(p),
for all p € Supp(K, Q).

(iv) = (i) Let e € K(p) be a non-zero distributive and
idempotent element of H(p),. Then e € H(p),and e € H(p)
& where F(p)y is the set of all idempotent element of [(p).
Thus, e € K(p) n H(p)y N H(p)g # {0}. By Theorem 2 of
[40], K(p) is a subnear-field of H(p) for all p € Supp(K, Q).
Therefore, (K, Q) is a SNF of (H, P).

CONCLUSION

In this paper, we have introduced the notions of soft
quasi-ideal, soft minimal quasi-ideal, soft left (resp. right)

N-subgroup and soft invariant subnear-ring of a soft near-
ring. We have also introduced the concepts of soft zerosym-
metric near-ring, soft constant near-ring, soft near-field and
soft Q-simple near-ring over a near-ring. We have obtained
the properties of these notions with illustrated examples.
We have provided the characterizations of soft quasi- ide-
als and soft near-fields over a near-ring. In future, one can
extend the concepts of soft quasi-ideals to other algebraic
substructures of AG-groupoid, BCK/BCl-algebra, semir-
ing, hemiring, ring, I'-near-ring, LA-semihypergroup, I-
hypersemigroup, etc. Further, we aim to apply the concepts
of this paper to soft linear algebraic codes in coding theory
through the application of soft sets which is an approxi-
mated collection of codes and get some interesting results.

ACKNOWLEDGEMENT

The authors are highly thankful to the reviewers for
their valuable suggetions and comments that helped to
improve this paper.

AUTHORSHIP CONTRIBUTIONS
Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the
findings of this study are available within the article. Raw
data that support the finding of this study are available from
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest
with respect to the research, authorship, and/or publication
of this article.

ETHICS

There are no ethical issues with the publication of this
manuscript.

REFERENCES
[1] Zadeh A.Fuzzysets. Inform Control 1965;8:338—353.
[CrossRef]

[2] Riaz M, Hashmi MR. Linear diophantine fuzzy
set and its applications towards multi-attribute
decision-making problems. ] Intell Fuzzy Sys
2019,375417—5439 [CrossRef]

[3] Riaz M, Garg H, Farid HMA, Chinram R. Multi-
Criteria decision making based on bipolar picture
fuzzy operators and new distance measures. Comput
Model Eng Sci 2021;127:771-800. [CrossRef]

[4] Riaz M, Hashmi MR, Pamucar D, Yu-Ming C.
Spherical linear diophantine fuzzy sets with model-
ing uncertainties in MCDM. Comput Model Eng Sci
2021;126:1125—1164. [CrossRef]


https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.3233/JIFS-190550
https://doi.org/10.32604/cmes.2021.014174
https://doi.org/10.32604/cmes.2021.013699

574

Sigma J Eng Nat Sci, Vol. 41, No. 3, pp. 565-574, June, 2023

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

Ayub S, Shabir M, Riaz M, Aslam M, Chinram R.
Linear diophantine fuzzy relations and their alge-
braic properties. Symmetry 2021;13:1-18. [CrossRef]
Riaz M, Khokhar MA, Pamucar D, Aslam M. Cubic
M-polar fuzzy hybrid aggregation operators with
Dombi's T-norm and T-conorm with Application.
Symmetry 2021;13:1-28. [CrossRef]

Atanassov K. Intuitionistic fuzzy sets, Fuzzy Sets
SySt 1986;20:87—96. [CrossRef]

Pawlak Z. Rough sets. Int J Inform Comput Sci
1982;11:341-356. [CrossRef]

Molodtsov D. Soft set theory-first results. Comput
Math Appl 1999;37:19-31. [CrossRef]

Eraslan S, Cagman N. A decision making method by
combining topsis gray relations method under fuzzy
soft sets. Sigma ] Eng Nat Sci 2017;8:53—-64.

Riaz M, Razzaq A, Aslam M, Pamucar D.
M-parameterized N-soft topology-based TOPSIS
approach for multi-attribute decision making.
Symmetry 2021;13:1-31. [CrossRef]

Mehmood A, Mohammed M, Al-Shomrani,
Zaighum MA. Characterization of soft S-open sets
in bi-soft topological structure concerning crisp
points. Mathematics 2020;8:2100. [CrossRef]

Shagari MS, Azam A. Fixed points soft set-valued
maps with applications to differential inculusions.
Sigma ] Eng Nat Sci 2020;38:2083-2107.

Ali M, Smarandache F, Vasantha Kandasmy WB.
New class of soft linear algebraic codes and their
properties using soft sets. 2016. Available at: https://
digitalrepository.unm.edu/mathfsp/396 Last
Accessed Date: 25.05.2023.

Celik YC, Yamak S. Fuzzy soft set theory applied
to medical diagnosis using fuzzy arithmetic opera-
tions. ] Inequal Appl 2013;2013:82. [CrossRef]

Kirigsci M, Simsek N. Neutrosophic soft sets with
medical decisin-making applications, Sigma ] Eng
Nat Sci 2019;10:231-235.

Basu TM, Mahapatra NK, Mondal SK. Different
types of matrices in intuitionistic fuzzy soft set
theory and their application in predicting terrorist
attack. Int ] Manag IT Eng 2012;2:73-105.
Mukherjee A, Das AK. Application of interval valued
intuitionistic fuzzy soft set in investment decision mak-
ing, 2015 Fifth International Conference on Advances
in Computing and Communications (ICACC); 2015
Sept 2-4; Kochi, India: IEEE; 2015. [CrossRef]

Maji PK, Biswas R, Roy AR. Soft set theory. Comput
Math Appl 2003;45:555—562. [CrossRef]

Ali MI, Feng F, Liu X, Min WK, Shabir M. On some
new operations in soft set theory. Comput Math
Appl 2009;57:1547—-1553. [CrossRef]

Sezgin A, Atagun AO. On operations of soft sets.
Comput Math Appl 2011;61:1457—1467. [CrossRef]
Aktas H, Cagman N. Soft sets and soft groups.
Inform Sci 2007;177:2726—2735. [CrossRef]

(23]
(24]
(25]
(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]
(40]
(41]

(42]

(43]

(44]

Sezgin A, Atagun AO. Soft groups and normalistic soft
groups. Comput Math Appl 2011;62:685—698. [CrossRef]
Feng E Jun YB, Zhao X. Soft semirings, Comput
Math Appl 2008;56:2621-2628. [CrossRef]

Acar U, Koyuncu F, Tanay B. Soft sets and Soft rings.
Comput Math Appl 2010;59:3458-3463. [CrossRef]
Onar S, Yavuz S, Ersoy BA, Hila K. Vague soft modiile.
J Intell Fuzzy Sys 2018;34:2597—-2609. [CrossRef]
Atagun AO, Sezgin A. Soft substructures of
rings, fields and modules. Comput Math Appl
2011;61:592—601. [CrossRef]

Atagun AO, Sezgin A. More on prime, maximal and
principal soft ideals of soft rings. New Math Nat
Comput 2021;18:195-207. [CrossRef]

Abdullah S, Hila K, Naeem Wafa SALSM.
Applications of soft intersection sets in I-near-rings.
Ann Fuzzy Math Inform 2016;12:431-447.

Atagun AO, Sezgin A. A new view on near-ring
theory: Soft near-rings. Southeast Asian Bull Math
2018;14:19-32.

Atagun AO, Sezgin A. Soft subnear-rings, soft ideals
and soft N-subgroups of near-rings. Math Sci Lett
2018;7:37—42. [CrossRef]

Sezgin A, Atagun AO, Aygun E. A note on soft
near-rings and idealistic soft near-rings. Filomat
2011,2553—68 [CrossRef]

Narayanan AL. Contributions to the algebraic struc-
tures in fuzzy theory. Ph.D. Thesis. India: Annamalai
University; 2001.

Manikantan T. Fuzzy bi-ideals of near-rings. ] Fuzzy
Math 2009;17:659-671.

Abdullah S, Kila K, Aslam M. On bi-I-hyperide-
als of I'-hypersemigroups. U Politeh Buch Ser A
2012;74:79-90.

Ersoy BA, Onar S, Hila K. Structure of idealis-
tic fuzzy soft I-near-ring. U Politeh Buch Ser A
2015;77:2—-15.

Tang ], Davvaz B, Xiang-Yun X, Yaqoob N. On fuzzy
interiorI-hyperidealsin ordered I-hypersemigroups.
Utilitas Mathematica 2017;32:2447—-2460. [CrossRef]
Hila K, Abdullah S, Naga K. Study on bi-I-hyperide-
als in quasi-T-hypersemigroups. U Politeh Buch Ser
A 2019;12:1950030. [CrossRef]

Yakabe I. Quasi-ideals in near-rings. Math Rep
Kyushu Univ 1983;14:41—-46.

Yakabe I. Quasi-ideals which are subnear-fields.
Math Rep Kyushu Univ 1985;15:67-72.

Yakabe I. A characterization of near-fields by qua-
si-ideals. Math Japan 1985;30:353-356.

Pilz G. Near-rings: The theory and its applica-
tions. 1st ed. Amsterdam-New York-Oxford: North
Holland Publishing Company; 1983.

Ali MI, Shabir M, Shum KP. On soft ideals over semi-
groups. Southeast Asian Bull Math 2010;34:595-610.
Celik Y, Ekiz C, Yamak S. A new view on soft rings.
Hacet ] Math Stat 2011;40:273—-286.


https://doi.org/10.3390/sym13060945
https://doi.org/10.3390/sym13040646
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1007/BF01001956
https://doi.org/10.1016/S0898-1221(99)00056-5
https://doi.org/10.3390/sym13050748
https://doi.org/10.3390/math8122100
https://doi.org/10.1186/1029-242X-2013-82
https://doi.org/10.1109/ICACC.2015.37
https://doi.org/10.1016/S0898-1221(03)00016-6
https://doi.org/10.1016/j.camwa.2008.11.009
https://doi.org/10.1016/j.camwa.2011.01.018
https://doi.org/10.1016/j.ins.2006.12.008
https://doi.org/10.1016/j.camwa.2011.05.050
https://doi.org/10.1016/j.camwa.2008.05.011
https://doi.org/10.1016/j.camwa.2010.03.034
https://doi.org/10.3233/JIFS-17497
https://doi.org/10.1016/j.camwa.2010.12.005
https://doi.org/10.1142/S1793005722500119
https://doi.org/10.18576/msl/070106
https://doi.org/10.2298/FIL1101053S
https://doi.org/10.3233/JIFS-16431
https://doi.org/10.1142/S179355711950030X

