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ABSTRACT

In this research, the effect of different models of thermal conductivity and dynamic viscosity 
has been investigated by considering the effect of Brownian motion of nanoparticles on the flow 
field and heat transfer of nanofluids. This study was performed numerically in a square cavity 
with water/aluminum-oxide nanofluid in three modes of natural, mixed and forced convection 
by changing the independent variable such as nanoparticle volume fraction, Rayleigh number, 
Richardson number, and Reynolds number. The governing equations with certain boundary 
conditions are solved using the finite volume method. Also, according to the obtained numerical 
results, Nusselt number has been investigated for different conditions with and without consid-
ering Brownian motion. The results showed that for all the studied models, in all three modes of 
natural, mixed and forced convection, the average Nusselt number when the effect of Brownian 
motion is considered, is more than the case that the effect of this motion is not considered. In all 
cases, the Koo & Kleinstreuer and Li & Kleinstreuer models show approximately the same values 
for the maximum mean Nusselt number. The similar results are obtained employing the Wajjha 
& Das and Xiao et al. models. For mixed convection, the highest and lowest increases of Nusselt 
number, considering Brownian motion are 17.68% and 14.84%, respectively. While referred val-
ues for forced convection are 30.46% and 17.94 %, respectively.
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INTRODUCTION

One of the methods to increase the heat transfer is to 
use fluids that are composed of mixing common fluids such 

as water, Ethylene Glycol, oil as the base fluid, and solid par-
ticles of nanometer dimensions. In the recent years, nano-
fluids and their relevant phenomena have drawn much 
attention. The use of nanofluids as a passive method in heat 
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transfer has been focused many attention [1-4]. For exam-
ple, Rajesh et al. [5] examined the transient magnetohydro-
dynamics (MHD) flow and heat transfer of the nanofluid 
due to vertical plate motion by considering the radiation 
effect, the oscillating temperature effect, and Brownian 
motion. They studied the free convection heat transfer for a 
viscous, electrically conductive, and incompressible nano-
fluid following over a semi-infinite vertical plate. The nano-
fluid used was a water/copper nanofluid. They presented 
their obtained results as velocity distribution, temperature 
field, and Nusselt number variation. The results of this 
study demonstrated the important factors that affecting the 
fluid flow and heat transfer. Shahriari et al. [6] examined 
the effect of independent variables as temperature, average 
nanoparticle size, and nanoparticle concentration on the 
dynamic viscosity of the nanofluid, relying on an analyt-
ical method of modified equations of nanofluid viscosity. 
The new model developed from the previous models that 
considered the effect of Brownian motion as a key param-
eter. Sepehrnia et al. [7] examined the flow field and heat 
transfer of water/aluminum-oxide nanofluid in a rectan-
gular microchannel, consisting of seven microchannels 
with equilaterally triangular cross-section in numerical 
and three-dimensional forms considering conductive solid 
parts. The governing equations were solved via the finite 
volume method using the SIMPLE algorithm. The goal 
was to examine the effect of four different configuration on 
the flow field and heat transfer of water/aluminum-oxide 
nanofluid. They used from nanofluids and an increase in 
the volume fraction from 0 to 4% resulted in increasing the 
average Nusselt number from 4.72% to 5.47%, reduced the 
thermal resistance from 2.34% to 1.81%, and reduced the 
maximum ratio of the temperature difference of the wall to 
the heat flux from 1.56% to 1.28%. Khorasanizadeh et al. [8] 
also investigated the smooth flow of nanofluid, heat trans-
fer, and other functional properties of a wall, consisting of 
seven microchannels with a three-dimension equilaterally 
triangular cross-section by considering the conductive 
solid parts. Here, a horizontal inlet and outlet array (I-type 
configuration) and a vertical inlet and outlet type (U-type 
configuration) were considered, and a constant inlet heat 
flux of 125 kW/m2 to the wall was simulated. Their find-
ings suggested that for both considered configurations, the 
pressure drop increases, the thermal performance improves 
in terms of heat transfer, thermal resistance, and uniform 
distribution of temperature at the floor. In another study, 
Rajesh et al. [9] examined the transient MHD free convec-
tion flow field and heat transfer of nanofluid from vertical 
plate motion in the presence of temperature-dependent 
viscosity by taking into account the effects of Brownian 
motion. They used finite element and the Galerkin meth-
ods to develop a mathematical model to solve the govern-
ing equations. This study demonstrates that the velocity 
and temperature profiles as well as the coefficient of fric-
tion and Nusselt number were changed considerably due 
to considering the Brownian motion in nanofluid thermal 

conductivity estimation. The independent parameters are 
included: Grashof number, type of nanoparticle, nanoparti-
cle volume fraction, magnetic parameters, Eckert number, 
and suction parameters. Seth and Mishra [10] investi-
gated the transient MHD nanofluid flow passing through 
a nonlinear plate considering the Navier’s slip boundary 
condition and the effects of Brownian motion of particles. 
In their study, they considered the effect of radiation heat 
transfer and magnetic field. They developed a finite element 
mathematical model via the Glerkin method to perform 
numerical simulations. They also examined the changes in 
such parameters as Nusselt number, surface friction coef-
ficient, and Sherwood number in terms of different vari-
ables. Aghabzorg et al. [11] experimentally examined the 
improved heat transfer of magnetic iron oxide nanoparti-
cles of water-MWCNT for smooth and transient turbulence 
in a plate heat exchanger considering the effects of parti-
cles Brownian motion. They demonstrated the changes in 
convective heat transfer coefficient in terms of Reynolds 
number and volume fraction. Fan et al. [12] experimentally 
examined the effect of the aqueous graphene nanofluids 
concentration on the transient heat transfer of the boiling 
pool by considering the effects of the Brownian motion of 
the particles. This was performed by placing stainless steel 
spheres in dilute aqueous nanofluids containing graph-
eme-oxide nanosheets (GONs) in various volume fractions 
up to 0.1%. They reported their findings for thermal tem-
perature and flux in terms of superheat temperature, the 
temperature in terms of time, and contact angle in terms 
of nanosheet concentration. Suganthi et al. [13] experi-
mentally investigated the transient convective heat transfer 
properties of zinc oxide nanofluids in ethylene-glycol and 
ethylene-glycol/water-based refrigerants by considering 
the effects of particle Brownian motion. This study was car-
ried out to enhance the thermodynamic properties of these 
nanofluids. Lee et al. [14] also experimentally examined 
the thermophysical parameters and transient natural con-
vection of zinc-oxide Ethylene Glycol/water nanofluid, and 
calculated its thermal conductivity and dynamic viscosity 
by taking into account the effects of the Brownian motion 
of a particle.

Understanding the flow behavior and particle convec-
tion in nanofluids is highly important to serve as a suitable 
heat transfer medium. The flow behavior in such fluids can 
be affected by particle convection from the disproportion-
ate distribution of concentration in the nanofluids. The 
conflicting findings reported by researchers over the per-
formance of nanofluids in heat transfer can confirm this 
subject. Goswami et al. [15] present an analyze on mixed 
convection flow features of a water/CuO nanoliquid within 
a partially heated wavy enclosure in order to investigate the 
effect of Brownian motion on fluid flow and heat trans-
fer. Employed viscosity and the thermal conductivity are 
depended to the Brownian motion. Harish and Sivakumar 
[16] provided a study on opposing and assisting mixed con-
vection flows and heat transfer performance of nanofluids 
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inside a cubical enclosure. It shown that the average heat 
transfer rate increases with decrease in Richardson num-
ber and increase in nanoparticles volume fraction for both 
opposing and assisting flows. The effects of Brownian 
motion more significant in assisting flows than opposing 
flows. There are a number of investigation that present the 
effect of Brownian motion on the fluid flow and heat trans-
fer [17-23]. Recently, Mbugua Mburu et al. [24] present an 
investigation about entropy generation on OLDROYD-B 
nanofluid past a Riga plate. They study the effect of various 
parameters as Brinkman number, Prantl number and the 
Brownian motion parameter on fluid flow and entropy gen-
eration. In another investigation Makkar et al. [25] present 
a study on Casson nanofluid flow toward a non-linear sheet. 
They study the effect of major parameters as slip velocity, 
thermophoresis, Brownian motion on fluid flow and heat 
transfer. They noticed that the Brownian motion has a 
major effect on the profile of nanoparticle concentration. 

To model the thermal conductivity and viscosity of 
nanofluid coefficients, there is abundant data about the 
intra-structural properties of the nanofluid [24-30]. Since 
these properties are not fully known, researchers have only 
considered the effect of one of these properties to model 
the effects. Therefore, there are many models available 
to estimate the thermal conductivity and dynamic vis-
cosity of nanofluids coefficients, the accuracy of which 
requires experimental results. As stated, the present study 
aimed to investigate the effect of different models of the 
Brownian motion of particles on Nusselt number in nat-
ural, mixed, and forced convection of nanofluids. In cur-
rent investigation four model of thermal conductivity 
consisting Maxwell [31], Koo & Kleinstreuer [31] and Li 
& Kleinstreuer [32], Wajjha & Das [33] and Xiao et al. [34] 
and four model of dynamic viscosity consisting Brinkman, 
Koo & Kleinstreuer [31] and Li & Kleinstreuer [32], Wajjha 
& Das [33] and Xiao et al. [34] are employed and obtained 
Nusselt number are compared.

MATERIALS AND METHODS

Governing Equation
The following hypotheses were stated using the govern-

ing differential equations:
1) Newtonian fluid was considered.
2) Nanoparticles were uniform in terms of shape and size.
3) The base fluid and nanoparticles were in thermal

equilibrium.
4) The presence of chemical reaction and viscous dissipa-

tion were discarded.
The system of governing equations are as follows:

(1)

(2)

(3)

(4)

In used system of equation, u and v refer to velocity 
components. T and p refer to the temperature and pressure, 
respectively. In addition, g and c refer to the gravity and 
constant specific heat capacity, respectively. k and µ refer 
to the thermal conductivity and dynamic viscosity, respec-
tively. β refers to thermal expansion factor. nf refers to the 
nanofluid. 

Density, thermal expansion factor, and constant pres-
sure specific heat capacity are estimated by the following 
relations [35]:

(5)

(6)

(7)

Non-dimensional Form of Governing Equation 

Natural Convection

(8)

(9)

(10)

(11)

In above equation non-dimensional numbers are as 
follows:

(12)

Force and mixed convection

(13)
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(14)

(15)

(16)

In above equation non-dimensional numbers are as 
follows:

(17)

It should be noted that the base fluid properties at 25 °C 
are used to nano-dimensional processing of the nanofluid 
properties:

(18)

Where , , ,  and  represent density, ther-
mal expansion coefficient, thermal conductivity, dynamic 
viscosity, and constant pressure heat capacity, respectively. 
The dynamic viscosity and constant pressure specific heat 
capacity of the nanofluid are at the reference temperature. 
The thermophysical properties of the base fluid at the refer-
ence temperature are shown in Table 1.

Boundary Conditions

Natural condition
According to Figure 1, the boundary conditions of the 

velocity equation are determined as follows. Considering 
the non-slip boundary condition, the velocity on all solid 
walls is considered to be zero. Therefore, the value of veloc-
ity on the solid walls is equal to:

(19)

The temperature boundary conditions on vertical walls 
are:

(20)

(21)

The horizontal walls of the cavity are considered insula-
tion, so the heat flux on the horizontal walls is constant and 
equal to zero. Therefore, the temperature boundary condi-
tions on vertical walls are defined as:

(22)

Mixed Convection
According to Figure 2, the boundary conditions of the 

velocity and temperature equation are similar to the bound-
ary conditions for the natural convection mode.

Figure 2. Schematic Diagram for mixed convection.

Table 1. Thermophysical Properties of water and alumina 
at T=25^C [38]

Alumina oxidBase Fluid (Water)Properties 
39701.997ρ(kg/m3)
7654179cp(J/kg.K)
40613.0k(W/m.K)
0.8521β ×10-5 (K-1)
29384.0d(nm)

Figure 1. Schematic Diagram for natural convection.
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(23)

Forced Convection
According to Figure 3, the temperature boundary con-

ditions of this problem are considered with the previous 
two cases so that the results are comparable. In this geome-
try, the cold flow enters from the upper part of the vertical 
wall on the left and the flow exits from the lower part of the 
vertical wall on the right. Therefore:

(24)

(25)

(26)

(27)

Non-dimensional Form of Boundary Condition

Natural convection

(28)

(29)

(30)

(31)

Mixed convection

(32)

Forced convection

	 (33)

(34)

(35)

	 (36)

Validation
In order to validate the results of the prepared computer 

program, two numerical simulations are performed, one for 

Figure 3. Schematic Diagram for forced convection.

Table 2. Validation, comparison between the obtained results with a reference for natural convection (left Table) and a 
reference for mixed convection (right Table)

Diff.%
Nuavg" 

"φ"RaDiff.%
Nuavg" 

"φ"Ra
Ref. [39]Present

ResultRef. [39]Present
Result

0.1932.3932.330
0.001

0.893.373.340
103 0.2034.4234.350.050.793.783.7502.0

1.3636.9036.400.10.513.923.9004.0
2.334.734.620

1
0.873.433.400

104 2.484.834.710.050.783.843.8102.0
3.044.944.790.10.753.993.9604.0
2.981.681.630

10
0.254.074.060

105 3.851.821.750.050.454.484.4602.0
4.101.951.870.10.224.614.6004.0

0.755.355.310
106 0.685.855.8102.0

1.006.025.9704.0



J Ther Eng, Vol. 10, No. 1, pp. 88−100, January, 2024 93

natural convection and the other for mixed convection, and 
the results are compared with the results presented in the 
research [37,38], respectively. These results are presented in 
Tables 2. As can be seen, the relative differences in Nusselt 
values are very small and therefore the accuracy of the 
modeling results is ensured.

Grid Independence Study
To solve the problem, an N × N grid is selected to use in 

the solution of flow field and heat transfer and to check the 
independence of the results with used grid. The calculation 
results are obtained and compared for different N values, 
as presented in Table 3. Also, for more accurate results and 
due to the strong temperature gradients of the left and right 
walls for the natural convection case, the extreme tem-
perature gradients of the left and right walls and the high 
wall velocity gradient for the mixed convection case and 
the temperature and velocity gradients of the left and right 
walls for the forced convection, employed grid is consid-
ered non-uniform so that the grid size is smaller around the 
walls where there is a temperature and velocity gradient. 

In this section the result obtained for natural convection is 
reported.

RESULTS AND DISCUSSION

Thermal Conductivity Coefficient Ratio and Dynamic 
Viscosity Ration Variation

In this section, different models of thermal conductivity 
and viscosity selected in the present investigation are com-
pared. These models include Maxwell, Koo & Kleinstreuer 
[31] and Li & Kleinstreuer [32], Wajjha & Das [33] and 
Xiao et al. [34]. Figure 4. shows the changes in the ratio of 
the thermal conductivity of the nanofluid to the thermal 
conductivity of the base fluid and the changes in the ratio 
of the viscosity of the nanofluid to the viscosity of the base 
fluid with volume fraction for different models. As can be 
seen from the Figure 4, the thermal conductivity and vis-
cosity of the nanofluid increase with increasing volumetric 
percentage of aluminum-oxide nanoparticles. The ther-
mal conductivity and dynamic viscosity of the nanofluid 
increase linearly for the Maxwell model with increasing 
volume fraction and nonlinearly for the other models. The 
increase in thermal conductivity and nanofluid viscosity 
for Brownian models is greater than the Maxwell model 
and the largest increase is related to the Brownie Koo & 
Kleinstreuer [31] model.

Natural convection
In the first case, the flow and heat transfer of natural 

convection for a range of Ra and “φ” values in 100 mm 
square cavities are investigated. Water was selected as the 
base fluid with Pr=2.6 for the present study. The cavity 
is filled with a mixture of water/aluminum-oxide with a 
diameter of 29 nm. The left wall is assumed to be hot, the 

Figure 4. Variation of thermal conductivity coefficient ratio (right) and dynamic viscosity ratio (left) with volume fraction

Table 3. Grid independence study for natural convection case

Flow function Average Nusselt number Grid number
15.0669 5.9414 71×71
15.0428 5.9275 81×81
15.0249 5.9177 91×91
15.0108 5.9103 101×101
15.9995 5.9046 111×111
15.9918 5.9032 121×121
1509950 5.9011 131×131
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right wall to be cold, and the top and bottom walls to be 
insulated. Results for Ra = 106-103, values of φ equal to 4%, 
3%, % 2, and 0 and diameters of 29, 47 and 65 mm were 
presented once considering the effect of Brownian motion 
and again without considering its effect.

In Figure 5, the changes of the mean Nusselt number 
in the natural convection in different models are compared 
in terms of volume fraction in different Rayleigh numbers. 

In all models and in all Rayleigh numbers, the average 
Nusselt number increases with increasing volume fraction. 
In all Rayleigh numbers, the Koo & Kleinstreuer and Li & 
Kleinstreuer models show the largest increase in the Nusselt 
number with increasing volume fraction. According to what 
was can be show the changes in thermal conductivity coef-
ficient, these two models show the largest increase in flow 
function and thermal conductivity coefficient. Therefore, 

the prediction of further increase of Nusselt number by 
these two models is justifiable. In all Rayleigh numbers in 
the volume fraction of 0.04, the Koo & Kleinstreuer and 
Li & Kleinstreuer models show almost the same values 
for the mean Nusselt number. This behavior is also seen 
in the Wajjha & Das and Xiao et al. models. In justifying 
this behavior, one can present similar reason as above. In 
addition, the Koo & Kleinstreuer and Li & Kleinstreuer, 
and Wajha-Das, Xiao-et al. models show the same values 
for the thermal conductivity. Approximate values for the 
maximum flow function in the Koo & Kleinstreuer and Li 
& Kleinstreuer, and Wajha-Das, Xiao et al. models models 
in all volume fractions show very close vales. According to 
these two reality, the behavior of the mentioned models in 
volume fraction of 0.04 is justifiable.

Figure 5. Average Nusselt number with volume fraction employing various thermal conductivity and dynamic viscosity 
in natural convection.
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Mixed convection
The two-dimensional mixed convection for water/alu-

minum-oxide nanofluids in a square cavity with a movable 
cap with the same geometry as the natural convection case 
has been studied. The left wall is assumed to be hot, the 
right wall to be cold, and the top and bottom walls to be 
insulated. Also, the top wall moves at a constant velocity, 
once to the right and again to the left. Results for the fixed 

value of Gr= 104 and the range of Ri = 0.1-0.1, the values of 
φ equal to % 4 and% 3,% 2, 0 and nanoparticles diameters 
of 29, 47 and 65 mm once, taking into account the effect 
of Brownian motion and again without considering get the 
effect it provided.

In Figure 6, the mean Nusselt number changes in the 
mixed convection in different models are compared in terms 
of volume fraction in different Richardson numbers. In all 

Figure 6. Average Nusselt number with volume fraction employing various thermal conductivity and dynamic viscosity in 
mixed convection	
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models and in all Richardson numbers, the mean Nusselt 
number increases with increasing volume fraction. For all 
Richardson numbers studied, the Koo & Kleinstreuer and 
Li & Kleinstreuer models show the largest increase in the 
Nusselt number with increasing volume fraction. In mixed 
convection, the fluid flow strength is more affected by the 
velocity of the cap than by the dynamic viscosity predicted 
by different models. This indicates that in the mixed con-
vection, the effects of changing the thermal conductivity 
with the selected model are more effective than the effects 
of changing the viscosity. 

Considering the changes in thermal conductivity are 
shown in Figure 4, these two models show the largest 
increase in thermal conductivity, so the prediction of a 
further increase in Nusselt number by these two models is 
justified. In all Rayleigh numbers in the volume fraction of 
0.04, the Koo & Kleinstreuer and Li & Kleinstreuer models 
show the same values for the mean Nusselt number as for 
the natural convection mentioned in Figure 5. This behav-
ior is also seen in the Wajjha-Das and Xiao et al. models. To 
justify this behavior, we can refer to Figure 4. In Figure 4, 
the Koo & Kleinstreuer and Li & Kleinstreuer, and Wajjha-
Das, Xiao et al. models show the same values for the ther-
mal conductivity. Very close values are observed in the 
maximum flow function for the Koo & Kleinstreuer and Li 
& Kleinstreuer, and Wajjha-Das, Xiao et al. models in all 
volume fractions. According to these two things, the behav-
ior of the mentioned models in volume fraction of 0.04 is 
justifiable.

Table 4 shows the values of the mean Nusselt number 
in Rayleigh numbers and the different volume fractions for 
the Koo & Kleinstreuer model as a sample and is compared 

with the Maxwell-Brinkman fixed properties model. In the 
Koo & Kleinstreuer model, the highest and lowest increases 
in the mean Nusselt number, taking into account the effect 
of Brownian motion relative to the state in which this 
motion is not considered, are 17.68% (in Richardson 0.01, 
volume fraction 0.03), and is 14.84% (in Richardson 100, 
volume fraction is 0.02), respectively.

Forced convection
In Figure 7, the variations of the mean Nusselt number 

in the forced convection in different models are compared 
in terms of volume fraction in different Reynolds numbers. 
In all models and in all Reynolds numbers, the average 
Nusselt number increases with increasing the volume frac-
tion. For all the studied Reynolds numbers s, the Koo & 
Kleinstreuer and Li & Kleinstreuer models show the larg-
est increase in the Nusselt number with increasing volume 
fraction. In forced convection, such as mixed convection, 
the strength of the fluid flow is more affected by the veloc-
ity of the flow than by the dynamic viscosity predicted by 
the various models. This indicates that in forced convec-
tion as well as mixed convection, the effects of changing 
the thermal conductivity with the selected model are more 
effective than the effects of changing the dynamic viscos-
ity with selected the model. Considering the changes in 
thermal conductivity that are shown in Figure 4, these two 
models show the largest increase in thermal conductivity, 
so the prediction of a further increase in Nusselt number 
by these two models is justified. Table 5 shows the mean 
Nusselt number values in Reynolds numbers and the dif-
ferent volume fractions for the Koo & Kleinstreuer model 
as an example and compared with the Maxwell-Brinkman 

Table 4. Average Nusselt number with Richardson number and volume fraction for Koo & Kleinstreuer compared with 
Maxwell-Brinkman model (as constant properties)

φ=0.04φ=0.03φ=0.02φ=NuavgRi
15.237514.981314.726814.2212Maxwell & Brinkman

0.01 17.839117.630417.025414.2212Koo & Kleinstreuer
17.0717.6815.610Increase%
9.98899.82599.66339.3241Maxwell & Brinkman

0.1 11.675211.544611.15719.3241Koo & Kleinstreuer
16.8817.4915.460Increase%
6.83186.72956.62696.366Maxwell & Brinkman

1
7.96947.89197.64026.366Koo & Kleinstreuer
16.6517.2715.290Increase%
5.38035.31315.24435.0398Maxwell & Brinkman

10 6.25646.21036.02895.0398Koo & Kleinstreuer
16.2816.8914.960Increase%
4.72744.67454.61964.4316Maxwell & Brinkman

100 5.48995.45685.30514.4316Koo & Kleinstreuer
16.1316.7414.840Increase%
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Figure 7. Average Nusselt number with volume fraction employing various thermal conductivity and dynamic viscosity in 
forced convection	.

Table 5. Average Nusselt number with Richardson number and volume fraction for Koo & Kleinstreuer compared with 
Maxwell-Brinkman model (as constant properties) in forced convection

φ=0.04φ=0.03φ=0.020 φ=NuavgRe
3.68143.63593.59054.4939Maxwell & Brinkman

10 4.41424.37484.23474.4939Koo & Kleinstreuer
19.9120.3217.940Increase%
7.14977.01896.88886.6206Maxwell & Brinkman

50
9.27319.15668.74426.6206Koo & Kleinstreuer
29.7030.4626.930Increase%
9.43389.27689.11938.7915Maxwell & Brinkman

100
11.950011.794511.27928.7915Koo & Kleinstreuer
26.6727.1423.680Increase%
23.529123.198122.865522.1705Maxwell & Brinkman

500 29.021628.712727.644822.1705Koo & Kleinstreuer
23.3423.7720.900Increase%
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fixed properties model. In the Koo & Kleinstreuer model, 
the maximum and lowest increases in the mean Nusselt 
number, taking into account the effect of Brownian motion 
relative to the state in which this motion is not considered, 
are 30.46% (in Reynolds 50 and nanoparticles volume frac-
tion 0.03) and 17.94 %, (in Reynolds 10 and nanoparticles 
volume fraction 0.02), respectively.

CONCLUSION

In this study, a comprehensive study was performed 
on the effect of different models of Brownian motion of 
nanoparticles on increasing the heat transfer of water/
aluminum-oxide nanofluids. The study was performed 
numerically for the square cavity in three modes of natural, 
mixed, and forced convection by changing the independent 
parameters such as volume fraction, Rayleigh number, and 
Richardson number. The following is a summary of the 
results. 1) In all the studied models and in all cases (natural, 
mixed and forced convection), the average Nusselt number 
in the case where the effect of Brownian motion is consid-
ered, is more than the case where the effect of this motion 
is not considered. 2) In natural convection, in all models 
and in all Rayleigh numbers, the average Nusselt number 
increases with increasing volume fraction. The Koo & 
Kleinstreuer and Li & Kleinstreuer models show the larg-
est increase in the Nusselt number with increasing volume 
fraction. In the Koo & Kleinstreuer model, the maximum 
and lowest increases in the mean Nusselt number, taking 
into account the effect of Brownian motion relative to the 
state in which this motion is not considered, are 23.91% (in 
Rayleigh 103, volume fraction 0.03) and 15.45% (in Rayleigh 
105, volume fraction is 0.02), respectively. 3) In mixed con-
vection, in all models and in all Richardson numbers, the 
mean Nusselt number increases with increasing volume 
fraction. The Koo & Kleinstreuer and Li & Kleinstreuer 
models show the largest increase in the Nusselt number 
with increasing volume fraction. In the Koo & Kleinstreuer 
model, the highest and lowest increases in the mean Nusselt 
number, taking into account the effect of Brownian motion 
relative to the state in which this motion is not considered, 
are 17.68% (in Richardson 0.01, volume fraction 0.03), 
and is 14.84% (in Richardson 100, volume fraction is 0.02) 
respectively. 4) In forced convection in all models and in all 
Reynolds numbers, the average Nusselt number increases 
with increasing volume fraction. The Koo & Kleinstreuer 
and Li & Kleinstreuer models show the largest increase in 
the Nusselt number with increasing volume fraction. In 
the Koo & Kleinstreuer model, the maximum and lowest 
increases in the mean Nusselt number, taking into account 
the effect of Brownian motion relative to the state in which 
this motion is not considered, are 30.46% (in Reynolds 50, 
volume fraction 0.03) and is 17.94% (in Reynolds 10, vol-
ume fraction is 0.02), respectively.
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